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Abstract: The present paper deals with the approximation properties of the linear positive operators, including
∆h -Gould-Hopper Appell polynomials. We investigate some theorems for convergence of the operators and their
approximation degrees with the help of the classical approach, Peetre’s K -functional, Lipschitz class and Voronovskaja-
type theorem. In the last section of the paper, we introduce the Kantorovich form of the operators and examine the
approximation degree.
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1. Introduction
The approximation theory has an extensive using area in mathematical physics. For this subject, firstly,
Weierstrass [16] considered the approximation on the continuous functions problems in 1885. He expressed
that every function on the closed interval [a, b] is approachable by means of the polynomials. This work has
been an inspiration to most of mathematicians for studying on polynomials. Later, Szász [13] introduced the
linear positive operators as

Sm (z;x) = e−mx
∞∑
u=0

(mx)
u

u!
z
( u

m

)
(1.1)

for each m ∈ N . Here x ∈ [0,∞) , z ∈ C [0,∞) and C [0,∞) is the space of continuous functions. In the light
of these studies, Jakimovski and Leviatan [9] found a generalization of the operators (1.1) with the help of the
Appell polynomials. Let

D(v) =

∞∑
u=0

auv
u, D(1) ̸= 0, (1.2)

v ∈ R (or v ∈ C) and |v| < R (R > 1) . From (1.2), the generating function of the Appell polynomials as
follows

D(v)evx =

∞∑
u=0

Pu(x)v
u. (1.3)
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In addition, by taking into consideration (1.2) and (1.3), the formal series of Appell polynomials are defined as

Pm(x) =

∞∑
u=0

am
xm−u

(m− u)!
(1.4)

(see [3]). With the help of the above expressions, Jakimovski and Leviatan obtained the operators

Km (z;x) =
e−mx

D(1)

∞∑
u=0

Pu(mx)z
( u

m

)
. (1.5)

Here, z ∈ T and T :=
{
z ∈ C[0,∞) : |z(x)| ≤ aeλx for constant a > 0, λ > 0

}
. Then, Ismail [7] considered a

new operator via Sheffer polynomials as follows

Qm(z;x) =
e−mxS(1)

D(1)

∞∑
u=0

Eu(mx)z
( u

m

)
,m ∈ N (1.6)

and Sheffer polynomials have the generating functions as

D(t)exS(t) =

∞∑
u=0

Eu(x)tu, |t| < R. (1.7)

In here, S(t) =
∑∞

u=1 gut
u(g1 ̸= 0) is analytic function. These operators (1.6) are more general than the

operators (1.1) and (1.5).

Remark 1.1 If we take S(t) = t in (1.6), then we achieve (1.5). Moreover, for S(t) = t and D(t) = 1 , we
get the operator (1.1).

Later, Varma et al. [14] introduced a different operator as follows

Lm(z;x) =
1

D(1)B(mx)

∞∑
u=0

Ju(mx)z
( u

m

)
(1.8)

for each m ∈ N . Here, x ≥ 0 , B(t) and D(t) are the analytic functions and Ju(x) is Brenke type polynomials
which have the generating functions as

D(t)B(xt) =

∞∑
u=0

Ju(x)t
u. (1.9)

Remark 1.2 If one writes B(t) = et in (1.8), then this operator is reduced to (1.5). Additively, if one take
B(t) = et and D(t) = 1 , then the Szàsz operators (1.1) is obtained.

Besides, İçöz et al. [8] presented the linear positive operators by means of the generalized Appell polynomials
Pu(x) . These polynomials have the generating function

D(r(t))E(xr(t)) =

∞∑
u=0

Pu(x)t
u (1.10)
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and this operator as follows

Mm(z;x) =
1

D(r(1))E(mxr(1))

∞∑
u=0

Pu(mx)z
( u

m

)
. (1.11)

Remark 1.3 For r(t) = t and E(t) = et , the operators (1.11) reduce to (1.5). In addition, if one take
D(t) = 1 , then we get the Szàsz operators in (1.1).

Then, Özarslan and Yaşar [11] introduced the ∆h -Gould-Hopper Appell polynomials by the equality

D(t;h)(1 + ht)
x
h (1 + ht2)

y
h =

∞∑
u=0

Au(x, y;h)
tu

u!
, (1.12)

where D(t;h) is an analytic function with the formal series as follows

D(t;h) =

∞∑
u=0

σu,h
tu

u!
, σ0,h ̸= 0. (1.13)

For example from [11], when they take D(t;h) as

D(t;h) =
2t

(1 + ht)
1
h + 1

=

∞∑
u=0

Gu,h
tu

u!

instead of D(t;h) in (1.13), then they find the degenerate Genocchi numbers Gu,h := Gu(0, 0;h) which
is obtained from the degenerate Gould-Hopper Genocchi polynomial sequence {Gu(x, y;h)}u∈N . Here, the
degenerate Gould-Hopper Genocchi polynomial has the generating function as follows

2t

(1 + ht)
1
h + 1

(1 + ht)
x
h (1 + ht2)

y
h =

∞∑
u=0

Gu(x, y;h)
tu

u!
.

For the another example from [11], when they take D(t;h) as

D(t;h) =
ht

ln(1 + ht)
=

∞∑
u=0

BII
u,h

tu

u!

instead of D(t;h) in (1.13), then they find the ∆h -Bernoulli numbers of the second kind BII
u,h := BII

u (0, 0;h)

which is obtained from the ∆h -Gould-Hopper Bernoulli polynomial sequence of the second kind
{
BII
u (x, y;h)

}
u∈N .

Here, the ∆h -Gould-Hopper Bernoulli polynomial has the generating function as follows

ht

ln(1 + ht)
(1 + ht)

x
h (1 + ht2)

y
h =

∞∑
u=0

BII
u (x, y;h)

tu

u!
.
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Besides, Biricik et al. [4] obtained the sequences of twice-iterated ∆h -Gould-Hopper Appell polynomials as
follows

D2(t;h)D1(t;h)(1 + ht)
x
h (1 + ht2)

y
t =

∞∑
u=0

K[2]
u

tu

u!

where D1(t;h) and D2(t;h) are defined by (1.13).

After these studies, Sergi et al. [12] presented the linear positive operators

Tm(z;x) =
1

D(1;h)(1 + h)
mx
h

∞∑
u=0

Au(mx;h)
1

u!
z

(
u(1 + h)

m

)
(1.14)

where h ∈ (−1, 0) , |t| < R (R > 1) and

D(t;h)(1 + ht)
x
h =

∞∑
u=0

Au(x;h)
tu

u!
(1.15)

is generating function of the degenerate Appell polynomials (see [5]). In addition, D(1;h) has limit by this
means limh→0− D(1;h) = D∗(1) and D∗ is analytic function with D∗(t) =

∑∞
u=0 aut

u , D∗(1) ̸= 0 .

Remark 1.4 If we take limit of the operators (1.14) as h → 0− , then we get (1.5) and if we take D(t;h) = 1 ,
then we obtain the Szász operators in (1.1).

Lemma 1.5 [12] For ej = tj , j = 0, 1, 2 , the operators Tm have the following equalities

Tm(e0;x) = 1,

Tm(e1;x) = x+
D′(1;h)

mD(1;h)
(1 + h),

Tm(e2;x) = x2 +
x

m

(
2D′(1;h)

D(1;h)
(1 + h) + 1

)
+

1

m2

(
D′′(1;h) +D′(1;h)

D(1;h)
(1 + h)2

)
.

Lemma 1.6 [12] For the operators Tm in (1.14) and x ∈ [0,∞) , the following equalities are satisfied

Tm(t− x;x) =
(1 + h)D′(1;h)

mD(1;h)
, (1.16)

Tm((t− x)
2
;x) =

x

m
+

(1 + h)2

m2

(
D′′(1;h) +D′(1;h)

D(1;h)

)
. (1.17)

By taking into consideration the above studies, we can define a generalization of the linear operators containing
∆h -Gould-Hopper Appell polynomials as

Tm,n(z;x, y) :=
1

[D(1;h)]
2
(1 + h)

(m+1)x+(n+1)y
h

∞∑
u=0

∞∑
v=0

Au(mx, y;h)

u!

Av(x, ny;h)

v!
z

(
u(1 + h)

m
,
v(1 + h)

2n

)
(1.18)

4



SERGİ YILMAZ and İÇÖZ/Turk J Math

for I = [0,∞) , I2 = I × I , z ∈ C
(
I2
)

and m,n ∈ N . Here, the space C
(
I2
)

is the space of all real-valued
continuous functions on I2 . Under the following conditions, we can say that the operator Tm,n is a linear and
positive operator:

(i) D(1;h) ̸= 0, h ∈ (−1, 0),
(ii) For all u ∈ N, σu,h/D(1;h) ≥ 0,
(iii) The power series at (1.12) and (1.13) are convergent in |t| < R(R > 1).

(1.19)

In this paper, we obtain the approximation properties of the operators Tm,n . In Section 2, we consider the
order of approximation with the help of some lemmas and theorems. Later, in Section 3, we will express the
Kantorovich variant of the operators Tm,n , its approximation properties and approximation degree.

2. Approximation of Tm,n operators

In this section, we will introduce some theorems for the degree of approximation of the operators Tm,n by
means of complete modulus of continuity, partial modulus of continuity, Peetre’s K -functional and Lipschitz
class functions. Then, we will give the Voronovskaja-type theorem for the operators Tm,n .

Before considering the proof of theorems for the operators (1.18), it is necessary to mention the following
lemmas.

Lemma 2.1 The following equalities are satisfied

∞∑
u=0

Au(mx, y;h)

u!
= D(1;h)(1 + h)

mx+y
h , (2.1)

∞∑
u=0

Au(x, ny;h)

u!
= D(1;h)(1 + h)

x+ny
h , (2.2)

∞∑
u=0

Au(mx, y;h)

u!
u = (mx+ 2y)D(1;h)(1 + h)

mx+y
h −1 +D′(1;h)(1 + h)

mx+y
h , (2.3)

∞∑
u=0

Au(x, ny;h)

u!
u = (x+ 2ny)D(1;h)(1 + h)

x+ny
h −1 +D′(1;h)(1 + h)

x+ny
h , (2.4)

∞∑
u=0

Au(mx, y;h)

u!
u2 = (mx)2D(1;h)(1 + h)

mx+y
h −2 +mx

[
(2D′(1;h) +D(1;h)) (1 + h)

mx+y
h −1

+(4y − h)D(1;h)(1 + h)
mx+y

h −2
]
+ 4y (y − h)D(1;h)(1 + h)

mx+y
h −2

+4y (D′(1;h) +D(1;h)) (1 + h)
mx+y

h −1 + (D′′(1;h) +D′(1;h)) (1 + h)
mx+y

h , (2.5)
∞∑
u=0

Au(x, ny;h)

u!
u2 = (2ny)2D(1;h)(1 + h)

x+ny
h −2 + 4ny

[
(D′(1;h) +D(1;h)) (1 + h)

x+ny
h −1

+(x− h)D(1;h)(1 + h)
x+ny

h −2
]
+ x (x− h)D(1;h)(1 + h)

x+ny
h −2

+x (2D′(1;h) +D(1;h)) (1 + h)
x+ny

h −1 + (D′′(1;h) +D′(1;h)) (1 + h)
x+ny

h , (2.6)
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∞∑
u=0

Au(mx, y;h)

u!
u3 = (mx)3D(1;h)(1 + h)

mx+y
h −3 + (mx)2

[
3(D′(1;h) +D(1;h))(1 + h)

mx+y
h −2

−3hD(1;h)(1 + h)
mx+y

h −3
]

+mx
[
(3D′′(1;h) + 6D′(1;h) +D(1;h)) (1 + h)

mx+y
h −1

− 3h (D′(1;h) +D(1;h)) (1 + h)
mx+y

h −2 + 2h2D(1;h)(1 + h)
mx+y

h −3
]

+(2y)3D(1;h)(1 + h)
mx+y

h −3

+(2y)2
[
3 (D′(1;h) + 2D(1;h)) (1 + h)

mx+y
h −2 − 6hD(1;h)(1 + h)

mx+y
h −3

]
+2y

[
(3D′′(1;h) + 9D′(1;h) + 4D(1;h)) (1 + h)

mx+y
h −1

−6h (D′(1;h) + 2D(1;h)) (1 + h)
mx+y

h −2 + 8h2D(1;h)(1 + h)
mx+y

h −3
]

+2mxy
[
(6D′(1;h) + 9D(1;h)) (1 + h)

mx+y
h −2

+ 3 (mx+ 2y − 3h)D(1;h)(1 + h)
mx+y

h −3
]

+(D′′′(1;h) + 3D′′(1;h) +D′(1;h)) (1 + h)
mx+y

h , (2.7)
∞∑
u=0

Au(x, ny;h)

u!
u3 = (2ny)3D(1;h)(1 + h)

x+ny
h −3

+(2ny)2
[
3 (D′(1;h) + 2D(1;h)) (1 + h)

x+ny
h −2

−6hD(1;h)(1 + h)
x+ny

h −3
]

+2ny
[
(3D′′(1;h) + 9D′(1;h) + 4D(1;h)) (1 + h)

x+ny
h −1

−6h (D′(1;h) + 2D(1;h)) (1 + h)
x+ny

h −2 + 8h2D(1;h)(1 + h)
x+ny

h −3
]

+x3D(1;h)(1 + h)
x+ny

h −3 + x2
[
3(D′(1;h) +D(1;h))(1 + h)

x+ny
h −2

−3hD(1;h)(1 + h)
x+ny

h −3
]

+x
[
(3D′′(1;h) + 6D′(1;h) +D(1;h)) (1 + h)

x+ny
h −1

− 3h (D′(1;h) +D(1;h)) (1 + h)
x+ny

h −2 + 2h2D(1;h)(1 + h)
x+ny

h −3
]

+2xny
[
(6D′(1;h) + 9D(1;h)) (1 + h)

x+ny
h −2

+ 3 (x+ 2ny − 3h)D(1;h)(1 + h)
x+ny

h −3
]

+(D′′′(1;h) + 3D′′(1;h) +D′(1;h)) (1 + h)
x+ny

h , (2.8)
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∞∑
u=0

Au(mx, y;h)

u!
u4 = (mx)4D(1;h)(1 + h)

mx+y
h −4 + (mx)3

[
(4D′(1;h) + 6D(1;h)) (1 + h)

mx+y
h −3

−6hD(1;h)(1 + h)
mx+y

h −4
]

+(mx)2
[
(6D′′(1;h) + 18D′(1;h) + 7D(1;h)) (1 + h)

mx+y
h −2

−6h (2D′(1;h) + 3D(1;h)) (1 + h)
mx+y

h −3 + 11h2D(1;h)(1 + h)
mx+y

h −4
]

+mx
[
(4D′′′(1;h) + 18D′′(1;h) + 14D′(1;h) +D(1;h)) (1 + h)

mx+y
h −1

−h (6D′′(1;h) + 18D′(1;h) + 7D(1;h)) (1 + h)
mx+y

h −2

+4h2 (2D′(1;h) + 3D(1;h)) (1 + h)
mx+y

h −3 − 6h3D(1;h)(1 + h)
mx+y

h −4
]

+(2y)4D(1;h)(1 + h)
mx+y

h −4

+(2y)3
[
4
(
D′(1;h) + 3D(1;h)(1 + h)

mx+y
h −3 − 3hD(1;h)(1 + h)

mx+y
h −4

)]
+(2y)

2
[
(6D′′(1;h) + 30D′(1;h) + 28D(1;h)) (1 + h)

mx+y
h −2

−12h (2D′(1;h) + 6D(1;h)) (1 + h)
mx+y

h −3 + 44h2D(1;h)(1 + h)
mx+y

h −4
]

+2y
[
(4D′′′(1;h) + 24D′′(1;h) + 43D′(1;h) + 8D(1;h)) (1 + h)

mx+y
h −1

−2h (6D′′(1;h) + 30D′(1;h) + 28D(1;h)) (1 + h)
mx+y

h −2

+16h2 (2D′(1;h) + 6D(1;h)) (1 + h)
mx+y

h −3 − 48h3D(1;h)(1 + h)
mx+y

h −4
]

+2mxy
[
(12D′′(1;h) + 48D′(1;h) + 32D(1;h)) (1 + h)

mx+y
h −2

−12h (3D′(1;h) + 7D(1;h)) (1 + h)
mx+y

h −3 + 52h2D(1;h)(1 + h)
mx+y

h −4

+6mx(2D′(1;h) + 4D(1;h))(1 + h)
mx+y

h −3 − 4hD(1;h)(1 + h)
mx+y

h −4

+4y
(
6D′(1;h) + 15D(1;h)(1 + h)

mx+y
h −3 − 15hD(1;h)(1 + h)

mx+y
h −4

)
+4
(
3mxy + (mx)2 + 4y2

)
D(1;h)(1 + h)

mx+y
h −4

]
+
(
D(4)(1;h) + 6D′′′(1;h) + 7D′′(1;h) +D′(1;h)

)
(1 + h)

mx+y
h (2.9)

and

∞∑
u=0

Au(x, ny;h)

u!
u4 = (2ny)4D(1;h)(1 + h)

x+ny
h −4

+(2ny)3
[
4
(
D′(1;h) + 3D(1;h)(1 + h)

x+ny
h −3 − 3hD(1;h)(1 + h)

x+ny
h −4

)]
7
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+(2ny)
2
[
(6D′′(1;h) + 30D′(1;h) + 28D(1;h)) (1 + h)

x+ny
h −2

−12h (2D′(1;h) + 6D(1;h)) (1 + h)
x+ny

h −3 + 44h2D(1;h)(1 + h)
x+ny

h −4
]

+2ny
[
(4D′′′(1;h) + 24D′′(1;h) + 43D′(1;h) + 8D(1;h)) (1 + h)

x+ny
h −1

−2h (6D′′(1;h) + 30D′(1;h) + 28D(1;h)) (1 + h)
x+ny

h −2

+16h2 (2D′(1;h) + 6D(1;h)) (1 + h)
x+ny

h −3 − 48h3D(1;h)(1 + h)
x+ny

h −4
]

+x4D(1;h)(1 + h)
x+ny

h −4 + x3
[
(4D′(1;h) + 6D(1;h)) (1 + h)

x+ny
h −3

−6hD(1;h)(1 + h)
x+ny

h −4
]

+x2
[
(6D′′(1;h) + 18D′(1;h) + 7D(1;h)) (1 + h)

x+ny
h −2

−6h (2D′(1;h) + 3D(1;h)) (1 + h)
x+ny

h −3 + 11h2D(1;h)(1 + h)
x+ny

h −4
]

+x
[
(4D′′′(1;h) + 18D′′(1;h) + 14D′(1;h) +D(1;h)) (1 + h)

x+ny
h −1

−h (6D′′(1;h) + 18D′(1;h) + 7D(1;h)) (1 + h)
x+ny

h −2

+4h2 (2D′(1;h) + 3D(1;h)) (1 + h)
x+ny

h −3 − 6h3D(1;h)(1 + h)
x+ny

h −4
]

+2xny
[
(12D′′(1;h) + 48D′(1;h) + 32D(1;h)) (1 + h)

x+ny
h −2

−12h (3D′(1;h) + 7D(1;h)) (1 + h)
x+ny

h −3 + 52h2D(1;h)(1 + h)
x+ny

h −4

+6x(2D′(1;h) + 4D(1;h))(1 + h)
x+ny

h −3 − 4hD(1;h)(1 + h)
x+ny

h −4

+4ny
(
6D′(1;h) + 15D(1;h)(1 + h)

x+ny
h −3 − 15hD(1;h)(1 + h)

x+ny
h −4

)
+4
(
3xny + x2 + 4(ny)2

)
D(1;h)(1 + h)

x+ny
h −4

]
+
(
D(4)(1;h) + 6D′′′(1;h) + 7D′′(1;h) +D′(1;h)

)
(1 + h)

x+ny
h . (2.10)

Proof If we take t = 1 and write mx instead of x in (1.12), we can find

D(1;h)(1 + h)
mx+y

h =

∞∑
u=0

Au(mx, y;h)

u!
.

Similarly, if we take t = 1 and write ny instead of y in (1.12), we can obtain

D(1;h)(1 + h)
x+ny

h =

∞∑
u=0

Au(x, ny;h)

u!

which are corresponding to (2.1) and (2.2) respectively.

8
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By taking the first-order derivative with respect to t for the generating function (1.12), we have

D′(t;h)(1 + ht)
x
h (1 + ht2)

y
h + xD(t;h)(1 + ht)

x
h−1(1 + ht2)

y
h + 2tyD(t;h)(1 + ht)

x
h (1 + ht2)

y
h−1

=

∞∑
u=0

Au(x, y;h)

u!
utu−1.

Then, if we take t = 1 and write mx instead of x in the above equality, we get (2.3) that

D′(1;h)(1 + h)
mx+y

h +mxD(1;h)(1 + h)
mx+y

h −1 + 2yD(1;h)(1 + h)
mx+y

h −1

=

∞∑
u=0

Au(mx, y;h)

u!
u. (2.11)

Besides, if we take t = 1 and write ny instead of y , then we obtain (2.4) that

D′(1;h)(1 + h)
x+ny

h + xD(1;h)(1 + h)
x+ny

h −1 + 2nyD(1;h)(1 + h)
x+ny

h −1

=

∞∑
u=0

Au(x, ny;h)

u!
u. (2.12)

By taking the second-order derivative with respect to t for the generating function (1.12), we obtain

D′′(t;h)(1 + ht)
x
h (1 + ht2)

y
h + xD′(t;h)(1 + ht)

x
h−1(1 + ht2)

y
h + 2tyD′(t;h)(1 + ht)

x
h (1 + ht2)

y
h−1

+xD′(t;h)(1 + ht)
x
h−1(1 + ht2)

y
h + xh

(x
h
− 1
)
D(t;h)(1 + ht)

x
h−2(1 + ht2)

y
h

+2xtyD(t;h)(1 + ht)
x
h−1(1 + ht2)

y
h−1 + 2yD(t;h)(1 + ht)

x
h (1 + ht2)

y
h−1

+2tyD′(t;h)(1 + ht)
x
h (1 + ht2)

y
h−1 + 2xtyD(t;h)(1 + ht)

x
h−1(1 + ht2)

y
h−1

+4t2hy
(y
h
− 1
)
D(t;h)(1 + ht)

x
h (1 + ht2)

y
h−2 =

∞∑
u=0

Au(x, y;h)

u!
u(u− 1)tu−2.

If we take t = 1 , write mx instead of x and considering (2.11) in the last equality, then we find (2.5) as follows

(D′′(1;h) +D′(1;h)) (1 + h)
mx+y

h + 4y (D′(1;h) +D(1;h)) (1 + h)
mx+y

h −1

+4yh
(y
h
− 1
)
D(1;h)(1 + h)

mx+y
h −2 + (mx)2D(1;h)(1 + h)

mx+y
h −2

+mx
(
(2D′(1;h) +D(1;h)) (1 + h)

mx+y
h −1 + (4y − h)D(1;h)(1 + h)

mx+y
h −2

)
=

∞∑
u=0

Au(mx, y;h)

u!
u2.

Later, if we take t = 1 , write ny instead of y and considering (2.12) in the last equality, then we find (2.6) as
follows

(D′′(1;h) +D′(1;h)) (1 + h)
x+ny

h + x (2D′(1;h) +D(1;h)D(1;h)) (1 + h)
x+ny

h −1

+x
(x
h
− 1
)
D(1;h)(1 + h)

x+ny
h −2 + (2ny)2D(1;h)(1 + h)

x+ny
h −2

+4ny
(
(D′(1;h) +D(1;h)) (1 + h)

x+ny
h −1 + (x− h)D(1;h)(1 + h)

x+ny
h −2

)
=

∞∑
u=0

Au(x, ny;h)

u!
u2.

9
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Similarly to this process, we can see that (2.7)–(2.10) is obtained.

Lemma 2.2 Let Tm,n(ei,j ;x, y), ei,j = tisj (i, j = 0, 1, 2, 3, 4) and x, y ∈ [0,∞) . Then, we obtain

Tm,n(e0,0;x, y) = 1,

Tm,n(e1,0;x, y) = x+
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
,

Tm,n(e0,1;x, y) = y +
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

)
,

Tm,n(e2,0;x, y) = x2 +
x

m

(
2D′(1;h)

D(1;h)
(1 + h) + 1 + 4y

)
+

1

m2

(
D′′(1;h) +D′(1;h)

D(1;h)
(1 + h)2 +

4yD′(1;h)

D(1;h)
(1 + h) + 4y(y + 1)

)
,

Tm,n(e0,2;x, y) = y2 +
y

n

(
D′(1;h)

D(1;h)
(1 + h) + 1 + x

)
+

1

4n2

(
D′′(1;h) +D′(1;h)

D(1;h)
(1 + h)2 +

2xD′(1;h)

D(1;h)
(1 + h) + x(x+ 1)

)
,

Tm,n(e3,0;x, y) = x3 +
3x2

m

(
D′(1;h)

D(1;h)
(1 + h) + 1

)
+

x

m2

(
3 (D′′(1;h) + 2D′(1;h))

D(1;h)
(1 + h)2 − 3hD′(1;h)

D(1;h)
(1 + h) + 1− h

)

+
8y3

m3
+

12y2

m3

(
D′(1;h)

D(1;h)
(1 + h) + 2

)
+

2y

m3

(
3 (D′′(1;h) + 3D′(1;h))

D(1;h)
(1 + h)2

−6hD′(1;h)

D(1;h)
(1 + h) + 4(1− h)

)
+

1

m3

(
D′′′(1;h) + 3D′′(1;h) +D′(1;h)

D(1;h)
(1 + h)3

)
+
2xy

m2

(
6D′(1;h)

D(1;h)
(1 + h) + 3(3 +mx+ 2y)

)
,

Tm,n(e0,3;x, y) = y3 +
3y2

2n

(
D′(1;h)

D(1;h)
(1 + h) + 2

)
+

y

4n2

(
3 (D′′(1;h) + 3D′(1;h))

D(1;h)
(1 + h)2 − 6hD′(1;h)

D(1;h)
(1 + h) + 4(1− h)

)

+
x3

8n3
+

3x2

8n3

(
D′(1;h)

D(1;h)
(1 + h) + 1

)
+

x

8n3

(
3 (D′′(1;h) + 2D′(1;h))

D(1;h)
(1 + h)2

−3hD′(1;h)

D(1;h)
(1 + h) + 1− h

)
+

1

8n3

(
D′′′(1;h) + 3D′′(1;h) +D′(1;h)

D(1;h)
(1 + h)3

)

10
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+
xy

4n2

(
6D′(1;h)

D(1;h)
(1 + h) + 3(3 + x+ 2ny)

)
,

Tm,n(e4,0;x, y) = x4 +
2x3

m

(
2D′(1;h)

D(1;h)
(1 + h) + 3

)
+

x2

m2

(
6 (D′′(1;h) + 3D′(1;h))

D(1;h)
(1 + h)2

−12hD′(1;h)

D(1;h)
(1 + h) + 7− 4h

)
+

x

m3

(
2 (2D′′′(1;h) + 9D′′(1;h) + 7D′(1;h))

D(1;h)
(1 + h)3

−6h (D′′(1;h) + 3D′(1;h))

D(1;h)
(1 + h)2 +

8h2D′(1;h)

D(1;h)
(1 + h) + h2 − 4h+ 1

)

+
16y4

m4
+

16y3

m4

(
2D′(1;h)

D(1;h)
+ 6

)
+

4y2

m4

(
6 (D′′(1;h) + 5D′(1;h))

D(1;h)
(1 + h)2

−24hD′(1;h)

D(1;h)
(1 + h) + 4(7− 4h)

)
+

2y

m4

(
4D′′′(1;h) + 24D′′(1;h) + 43D′(1;h)

D(1;h)
(1 + h)3

−6h (2D′′(1;h) + 5D′(1;h))

D(1;h)
(1 + h)2 +

32h2D′(1;h)

D(1;h)
(1 + h) + 8(h2 − 4h+ 1)

)

+
1

m4

(
D(4)(1;h) + 6D′′′(1;h) + 7D′′(1;h) +D′(1;h)

D(1;h)
(1 + h)4

)
+
2xy

m3

(
12 (D′′(1;h) + 4D′(1;h))

D(1;h)
(1 + h)2 − 36hD′(1;h)

D(1;h)
(1 + h) + 4(8− 5h)

+12mx

(
D′(1;h)

D(1;h)
(1 + h) + 2

)
+ 12y

(
2D′(1;h)

D(1;h)
(1 + h) + 5

)
+4
(
(mx)2 + 3mxy + 4y2

))
,

Tm,n(e0,4;x, y) = y4 +
y3

n

(
2D′(1;h)

D(1;h)
(1 + h) + 6

)
+

y2

4n2

(
6 (D′′(1;h) + 5D′(1;h))

D(1;h)
(1 + h)2

−24hD′(1;h)

D(1;h)
(1 + h) + 4(7− 4h)

)
+

y

8n3

(
4D′′′(1;h) + 24D′′(1;h) + 43D′(1;h)

D(1;h)
(1 + h)3

−6h (2D′′(1;h) + 5D′(1;h))

D(1;h)
(1 + h)2 +

32h2D′(1;h)

D(1;h)
(1 + h) + 8(h2 − 4h+ 1)

)

+
x4

16n4
+

x3

8n4

(
2D′(1;h)

D(1;h)
(1 + h) + 3

)
+

x2

16n4

(
6 (D′′(1;h) + 3D′(1;h))

D(1;h)
(1 + h)2

−12hD′(1;h)

D(1;h)
(1 + h) + 7− 4h

)
+

x

16n4

(
2 (2D′′′(1;h) + 9D′′(1;h) + 7D′(1;h))

D(1;h)
(1 + h)3

−6h (D′′(1;h) + 3D′(1;h))

D(1;h)
(1 + h)2 +

8h2D′(1;h)

D(1;h)
(1 + h) + h2 − 4h+ 1

)

11
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+
1

16n4

(
D(4)(1;h) + 6D′′′(1;h) + 7D′′(1;h) +D′(1;h)

D(1;h)
(1 + h)4

)
+

xy

8n3

(
12 (D′′(1;h) + 4D′(1;h))

D(1;h)
(1 + h)2 − 36hD′(1;h)

D(1;h)
(1 + h) + 4(8− 5h)

+12x

(
D′(1;h)

D(1;h)
(1 + h) + 2

)
+ 12ny

(
2D′(1;h)

D(1;h)
(1 + h) + 5

)
+4
(
x2 + 3xny + 4(ny)2

))
.

Proof If we take into consideration the equalities (2.1)–(2.10), respectively, then we achieve the proof of
lemma.

Lemma 2.3 Let x, y ∈ [0,∞) . Then, the following equalities are satisfied

Tm,n(t− x;x, y) =
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
, (2.13)

Tm,n(s− y;x, y) =
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

)
, (2.14)

Tm,n((t− x)2;x, y) =
x

m
+

1

m2

[
D′′(1;h) +D′(1;h)

D(1;h)
(1 + h)2

+4y

(
D′(1;h)

D(1;h)
(1 + h) + 1 + y

)]
, (2.15)

Tm,n((s− y)2;x, y) =
y

n
+

1

4n2

[
D′′(1;h) +D′(1;h)

D(1;h)
(1 + h)2

+x

(
2D′(1;h)

D(1;h)
(1 + h) + 1 + x

)]
, (2.16)

Tm,n((t− x)4;x, y) = 3
x2

m2
+

x

m3

[
2 (3D′′(1;h) + (5− 4h+ 12y)D′(1;h))

D(1;h)
(1 + h)2

+
8h (h− 9y + 6)D′(1;h)

D(1;h)
(1 + h) + h2 + 28h+ 8y (8− 5h+ 3y)− 31

]

+
1

m4

[
D(4)(1;h) + 6D′′′(1;h) + 7D′′(1;h) +D′(1;h)

D(1;h)
(1 + h)4

+2y

(
4D′′′(1;h) + 24D′′(1;h) + 43D′(1;h)

D(1;h)
(1 + h)3

−6h (2D′′(1;h) + 5D′(1;h))

D(1;h)
(1 + h)2 +

32h2D′(1;h)

D(1;h)
(1 + h)2 + 8(h2 − 4h+ 1)

)
+4y2

(
3 (2D′′(1;h) + 5D′(1;h))

D(1;h)
(1 + h)2 − 24hD′(1;h)

D(1;h)
(1 + h) + 4(7− 4h)

)
+16y3

(
2D′(1;h)

D(1;h)
+ 6

)
+ 16y4

]
(2.17)

12
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and

Tm,n((s− y)4;x, y) = 3
y2

n2
+

y

8n3

[
12D′′(1;h) + (39 + 9h+ 24x)D′(1;h)

D(1;h)
(1 + h)2

+
4h(8h− 9x+ 3)D′(1;h)

D(1;h)
(1 + h)

+8h2 − 28h+ 4x (8− 5h+ 3x) + 4

]

+
1

16n4

[
D(4)(1;h) + 6D′′′(1;h) + 7D′′(1;h) +D′(1;h)

D(1;h)
(1 + h)4

+x

(
2 (2D′′′(1;h) + 9D′′(1;h) + 7D′(1;h))

D(1;h)
(1 + h)3

−6h (D′′(1;h) + 3D′(1;h))

D(1;h)
(1 + h)2

+
8h2D′(1;h)

D(1;h)
(1 + h) + h2 − 4h+ 1

)
+x2

(
6 (D′′(1;h) + 3D′(1;h))

D(1;h)
(1 + h)2 − 12hD′(1;h)

D(1;h)
(1 + h) + 7− 4h

)
+2x3

(
2D′(1;h)

D(1;h)
(1 + h) + 3

)
+ x4

]
. (2.18)

In this paper, we will define that C (Iab) is the space of all bounded and continuous functions on
Iab = [0, a]× [0, b] endowed with

∥z∥C(Iab)
= sup

(x,y)∈Iab

|z(x, y)| . (2.19)

Besides, we will express the set of weighted function as N :=
{
z : |z(x, y)| ≤ Czα(x, y), α(x, y) = 1 + x2 + y2

}
where Cz is fixed and depends just on z .

Theorem 2.4 For z ∈ C
(
I2
)
∩N , we obtain that

lim
m,n→∞

Tm,n(z;x, y) = z(x, y)

uniformly on each compact subset Iab of I2 .

Proof Considering Lemma 2.2, we have

lim
m,n→∞

Tm,n(ep,r) = ep,r, (p, r) ∈ {(0, 0), (1, 0), (0, 1)},

lim
m,n→∞

Tm,n(e20 + e02) = e20 + e02

uniformly on Iab . If we apply the Volkov theorem in [15], then we complete the proof.

13
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Now, for estimating the order of approximation, we consider some definitions.

Definition 2.5 [2] Let z ∈ C (Iab) and δ1, δ2 > 0 . For (x, y), (t, s) ∈ Iab , the complete modulus of continuity
ω(z; δ1, δ2) of the function z is defined by

ω(z; δ1, δ2) := sup {|z(t, s)− z(x, y)| : (t, s), (x, y) ∈ (Iab) , |t− x| ≤ δ1, |s− y| ≤ δ2} .

The modulus of continuity has these properties:

(i) ω(z; δ1, δ2) → 0, if δ1 → 0, δ2 → 0,

(ii) |z(t, s)− z(x, y)| ≤ ω(z; δ1, δ2)

(
1 +

|t− x|
δ1

)(
1 +

|s− y|
δ2

)
.

In addition, for δ > 0 , partial modulus of continuity are given by

ω(1)(z; δ) = sup {|z(x1, y)− z(x2, y)| : y ∈ [0, b], |x1 − x2| ≤ δ} ,

ω(2)(z; δ) = sup {|z(x, y1)− z(x, y2)| : x ∈ [0, a], |y1 − y2| ≤ δ} .

Definition 2.6 [6] Let C2(Iab) be the space of all functions z ∈ C(Iab) and belongs to the space C(Iab) such

that ∂iz
∂xi ,

∂iz
∂yi , (i = 1, 2) . The norm on the space C2(Iab) is defined as follows

∥z∥C2(Iab)
= ∥z∥C(Iab)

+

2∑
i=1

(∥∥∥∥∂iz

∂xi

∥∥∥∥
C(Iab)

+

∥∥∥∥∂iz

∂yi

∥∥∥∥
C(Iab)

)
. (2.20)

For z ∈ C (Iab) and δ > 0 , the Peetre’s K -functional is defined by

K(z; δ) = inf
g∈C2(Iab)

{
∥z − g∥C(Iab)

+ δ ∥g∥C(Iab)

}
.

Besides,

K(z; δ) ≤ C
[
ω2

(
z;
√
δ
)
+min(1, δ) ∥z∥C(Iab)

]
(2.21)

where C is a constant independent of z and δ . In addition, ω2

(
z;
√
δ
)

is the second modulus of continuity

which is the similar form as the one variable case in [10] as follows

ω2(z; δ) := sup√
t2+s2≤δ

∥z (·+ 2t, ·+ 2s)− 2z (·+ t, ·+ s) + z (·, ·)∥C(Iab)
.

We will find the error of approximation as the estimation of the difference of |Tm,n(z;x, y)− z(x, y)| . To
obtain the quantitative results, we can consider this difference in some function spaces.

Theorem 2.7 For z ∈ C (Iab) and (x, y) ∈ Iab , the inequality

|Tm,n(z;x, y)− z(x, y)| ≤ 4ω
(
z;
√

δm(x),
√
δn(y)

)
is satisfied. Here, δm(x) and δn(y) are given as (2.15) and (2.16), respectively.

14
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Proof From the Definition 2.5, we find

|Tm,n(z;x, y)− z(x, y)| ≤ Tm,n (|z(t, s)− z(x, y)| ;x, y)

≤ ω(z;
√
δm(x),

√
δn(y))

(
1 +

1√
δm(x)

Tm,n (|t− x| ;x, y)

)

×

(
1 +

1√
δn(y)

Tm,n (|s− y| ;x, y)

)
. (2.22)

With the help of the Cauchy-Schwarz inequality and linearity of the operators Tm,n , we have

Tm,n(|t− x| ;x, y) ≤
(
Tm,n

(
(t− x)2;x, y

)) 1
2 (Tm,n (1;x, y))

1
2

=
√

δm(x),

Tm,n(|s− y| ;x, y) ≤
(
Tm,n

(
(s− y)2;x, y

)) 1
2 (Tm,n (1;x, y))

1
2

=
√

δn(y).

By using these inequalities in (2.22),we complete the proof.

Theorem 2.8 Let z ∈ C (Iab) and δm(x) and δn(y) are defined as (2.15) and (2.16), respectively. Then the
following inequality is satisfied

|Tm,n(z;x, y)− z(x, y)| ≤ 2
[
ω(1)

(
z;
√

δm(x)
)
+ ω(2)

(
z;
√

δn(y)
)]

.

Proof According to definition of the partial modulus of continuity and Cauchy-Schwarz inequality, we can
find

|Tm,n (z;x, y)− z(x, y)| ≤ Tm,n (|z(t, s)− z(x, y)| ;x, y)

≤ Tm,n (|z(t, y)− z(x, y)| ;x, y) + Tm,n (|z(t, s)− z(t, y)| ;x, y)

≤ Tm,n

(
ω(1) (z; |t− x|) ;x, y

)
+ Tm,n

(
ω(2) (z; |s− y|) ;x, y

)
≤ ω(1)

(
z;
√
δm(x)

)(
1 +

1√
δm(x)

Tm,n (|t− x|) ;x, y

)

+ω(2)
(
z;
√
δn(y)

)(
1 +

1√
δn(y)

Tm,n (|s− y|) ;x, y

)

≤ ω(1)
(
z;
√
δm(x)

)(
1 +

1√
δm(x)

√
δm(x)

)

+ω(2)
(
z;
√
δn(y)

)(
1 +

1√
δn(y)

√
δn(y)

)

and therefore, the proof is completed.
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Theorem 2.9 For z ∈ C (Iab) , the operators Tm,n satisfy the inequality as follows

|Tm,n(z;x, y)− z(x, y)|

≤ M

ω2

z;
1

2

√
δm(x) + δn(y) +

(
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

))2

+

(
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))2


+ min

{
1, δm(x) + δn(y) +

(
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

))2

+

(
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))2
}
∥z∥C(Iab)

]

+ω

(
z;

1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
,
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))
.

Here, M is a positive constant, ω2 is the second order modulus of continuity and δm(x) and δn(y) are defined
by (2.15) and (2.16), respectively.

Proof Firstly, we will consider the auxiliary operators as follows

T̃m,n(z;x, y) = Tm,n(z;x, y)− z

(
x+

1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
, y +

1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))
+z(x, y). (2.23)

From Lemma 2.3, we have

T̃m,n (t− x;x, y) = 0, T̃m,n (s− y;x, y) = 0. (2.24)

On the other hand, for g ∈ C2 (Iab) , (t, s) ∈ Iab , using the Taylor expansion formula, we find

g(t, s)− g(x, y) = g(t, y)− g(x, y) + g(t, s)− g(t, y)

=
∂g(x, y)

∂x
(t− x) +

∫ t

x

(t− u)
∂2g(u, y)

∂u2
du+

∂g(x, y)

∂y
(s− y) +

∫ s

y

(s− v)
∂2g(x, v)

∂v2
dv.

Applying T̃m,n for the above equality and considering the equalities (2.24), we obtain

T̃m,n(g;x, y)− g(x, y) = T̃m,n

(∫ t

x

(t− u)
∂2g(u, y)

∂u2
du;x, y

)
+ T̃m,n

(∫ s

y

(s− v)
∂2g(x, v)

∂v2
dv;x, y

)

= Tm,n

(∫ t

x

(t− u)
∂2g(u, y)

∂u2
du;x, y

)

−
∫ x+ 1

m

(
D′(1;h)
D(1;h)

(1+h)+2y
)

x

(
x+

1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
− u

)
∂2g(u, y)

∂u2
du

+Tm,n

(∫ s

y

(s− v)
∂2g(x, v)

∂v2
dv;x, y

)

−
∫ y+ 1

2n

(
D′(1;h)
D(1;h)

(1+h)+x
)

y

(
y +

1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

)
− v

)
∂2g(x, v)

∂v2
dv.
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Hence,

∣∣∣T̃m,n(g;x, y)− g(x, y)
∣∣∣ ≤ Tm,n

(∣∣∣∣∫ t

x

|t− u|
∣∣∣∣∂2g(u, y)

∂u2

∣∣∣∣ du∣∣∣∣ ;x, y)

+

∣∣∣∣∣∣
∫ x+ 1

m

(
D′(1;h)
D(1;h)

(1+h)+2y
)

x

∣∣∣∣x+
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
− u

∣∣∣∣ ∣∣∣∣∂2g(u, y)

∂u2

∣∣∣∣ du
∣∣∣∣∣∣

+Tm,n

(∣∣∣∣∫ s

y

|s− v|
∣∣∣∣∂2g(x, v)

∂v2

∣∣∣∣ dv∣∣∣∣ ;x, y)

+

∣∣∣∣∣∣
∫ y+ 1

2n

(
D′(1;h)
D(1;h)

(1+h)+x
)

y

∣∣∣∣y + 1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

)
− v

∣∣∣∣ ∣∣∣∣∂2g(x, v)

∂v2

∣∣∣∣ dv
∣∣∣∣∣∣

≤

[
Tm,n

(
(t− x)

2
;x, y

)
+

(
x+

1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
− x

)2
]
∥g∥C2(Iab)

+

[
Tm,n

(
(s− y)

2
;x, y

)
+

(
y +

1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

)
− y

)2
]
∥g∥C2(Iab)

.

Moreover, from the equality (2.23), we have

∣∣∣T̃m,n(z;x, y)
∣∣∣ ≤ |Tm,n(z;x, y)|

+

∣∣∣∣z(x+
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
, y +

1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))∣∣∣∣+ |z(x, y)|

≤ 3 ∥z∥C(Iab)
.

Therefore, we have

|Tm,n(z;x, y)− z(x, y)| =
∣∣∣T̃m,n(z;x, y)− z(x, y)

+z

(
x+

1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
, y +

1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))
− z(x, y)

∣∣∣∣
≤

∣∣∣T̃m,n(z − g;x, y)
∣∣∣+ ∣∣∣T̃m,n(g;x, y)− g(x, y)

∣∣∣+ |g(x, y)− z(x, y)|

+

∣∣∣∣z(x+
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
, y +

1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))
− z(x, y)

∣∣∣∣.

Then, for δm(x) = Tm,n((t− x)2;x, y) and δn(y) = Tm,n((s− y)2;x, y) , we get
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|Tm,n(z;x, y)− z(x, y)| ≤ 4 ∥z − g∥C(Iab)
+
∣∣∣T̃m,n(g;x, y)− g(x, y)

∣∣∣
+

∣∣∣∣z(x+
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
, y +

1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))
−z(x, y)

∣∣∣∣
≤

{
4 ∥z − g∥C(Iab)

+

[
δm(x) + δn(y) +

(
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

))2

+

(
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))2
]
∥g∥C2(Iab)

}

+ω

(
z;

1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
,
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))

≤ 4K

(
z;

1

4

[
δm(x) + δn(y) +

(
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

))2

+

(
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))2
])

+ω

(
z;

1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
,
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))
.

From the definition of Peetre’s K -functional, we obtain

|Tm,n(z;x, y)− z(x, y)|

≤ M

ω2

z;
1

2

√
δm(x) + δn(y) +

(
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

))2

+

(
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))2


+min

{
1, δm(x) + δn(y) +

(
1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

))2

+

(
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))2
}
∥z∥C(Iab)

]

+ω

(
z;

1

m

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
,
1

2n

(
D′(1;h)

D(1;h)
(1 + h) + x

))
where M is a positive constant. Therefore, desired result is obtained.

Now, we consider the approximation degree of the operators Tm,n in terms of the Lipschitz class. For
0 < b1, b2 ≤ 1 , z ∈ C(Iab) and L > 0 , Lipschitz class is shown as LipL(b1, b2) and this class is defined as
follows

|z(t, s)− z(x, y)| ≤ L |t− x|b1 |s− y|b2 .

Now, from this definition, we can obtain the following theorem.
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Theorem 2.10 Let the function z be in LipL(b1, b2) . The following inequality is satisfied

|Tm,n(z;x, y)− z(x, y)| ≤ L (θm(x))
b1
2 (θn(y))

b2
2

where L > 0 and θm(x) and θn(y) are defined by (1.17).

Proof Since z ∈ LipL(b1, b2) and the operators Tm,n are linear positive operators, we find

|Tm,n(z;x, y)− z(x, y)| ≤ Tm,n (|z(t, s)− z(x, y)| ;x, y)

≤ LTm(|t− x|b1 ;x)Tn(|s− y|b2 ; y)

where the operators Tm and Tn are defined by (1.14). Taking into consideration the Hölder inequality and the
equations in Lemma 1.6, we have

|Tm,n(z;x, y)− z(x, y)| ≤ L
(
Tm((t− x)2;x)

) b1
2 (Tm(1;x))

2−b1
2
(
Tn((s− y)2; y)

) b2
2 (Tn(1; y))

2−b2
2

= L (θm(x))
b1
2 (θn(y))

b2
2 .

Therefore, the proof is completed.

Theorem 2.11 For z ∈ C1 (Iab) , we have

∥Tm,n(z)− z∥ ≤ ∥zx∥
√
δm(x) + ∥zy∥

√
δn(y)

where δm(x) and δn(y) are defined by (2.15) and (2.16) respectively and C1(Iab) is the space of first order
continuously differentiable functions.

Proof For arbitrary (t, s), (x, y) ∈ Iab , we get

z(t, s)− z(x, y) =

t∫
x

zu(u, s)du+

s∫
y

zv(x, v)dv.

If we apply the operators Tm,n on both sides of the above equation and make the arrangements, then we have

|Tm,n (z;x, y)− z(x, y)| ≤ Tm,n

∣∣∣∣∣∣
t∫

x

zu(u, s)du

∣∣∣∣∣∣ ;x, y
+ Tm,n

∣∣∣∣∣∣
s∫

y

zv(x, v)dv

∣∣∣∣∣∣ ;x, y
 .

Since ∣∣∣∣∣∣
t∫

x

zu(u, s)du

∣∣∣∣∣∣ ≤ ∥zx∥ |t− x| and

∣∣∣∣∣∣
s∫

y

zv(x, v)dv

∣∣∣∣∣∣ ≤ ∥zy∥ |s− v| ,

we get
|Tm,n (z;x, y)− z(x, y)| ≤ ∥zx∥Tm,n (|t− x| ;x, y) + ∥zy∥Tm,n (|s− y| ;x, y) .
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From the Cauchy-Schwarz inequality, we find that

|Tm,n (z;x, y)− z(x, y)| ≤ ∥zx∥
[
Tm,n

(
(t− x)2;x, y

)] 1
2 [Tm,n (e0;x, y)]

1
2

+ ∥zy∥
[
Tm,n

(
(s− y)2;x, y

)] 1
2 [Tm,n (e0;x, y)]

1
2

≤ ∥zx∥
√

δm(x) + ∥zy∥
√
δn(y).

Thus, we achieve the desired result.
Now, we will consider the Voronovskaja-type theorem for the operators Tm,n . For this theorem, let the

space G(I2) is the space of all functions on I2 satisfying |z(x, y)| ≤ Mz

(
1 + x2 + y2

)
, H(I2) is the subspace

of all continuous functions of the space G(I2) and S(I2) is the subspace of all z ∈ H(I2) satisfying that

lim(x,y)→∞
z(x,y)

1+x2+y2 is finite.

Theorem 2.12 If z ∈ S
(
I2
)

such that z′, z′′ ∈ S
(
I2
)

and (x, y) be in each compact subset Iab of I2 , then
we get

lim
n→∞

n (Tn,n (z;x, y)− z(x, y)) = zx(x, y)

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
+ zy(x, y)

1

2

(
D′(1;h)

D(1;h)
(1 + h) + x

)
+
1

2
x zxx(x, y) +

1

2
y zyy(x, y).

Proof Let (x, y) ∈ Iab . From the Taylor’s expansion formula, we obtain

z(t, s) = z(x, y) + zx(x, y)(t− x) + zy(x, y)(s− y)

+
1

2

{
zxx(x, y)(t− x)2 + 2zxy(x, y)(t− x)(s− y) + zyy(x, y)(s− y)2

}
+ρ (t, s;x, y)

√
(t− x)4 + (s− y)4

where (t, s) ∈ I2 , ρ (t, s;x, y) ∈ C
(
I2
)

and ρ (t, s;x, y) → 0 as (t, s) → (x, y) . Applying Tn,n(z;x, y) on above
equality, we have

Tn,n(z;x, y) = z(x, y) + zx(x, y)Tn,n(t− x;x, y) + zy(x, y)Tn,n(s− y;x, y)

+
1

2

[
zxx(x, y)Tn,n

(
(t− x)

2
;x, y

)
+ 2zxy(x, y)Tn,n ((t− x)(s− y);x, y)

+zyy(x, y)Tn,n

(
(s− y)

2
;x, y

)]
+ Tn,n

(
ρ (t, s;x, y)

√
(t− x)4 + (s− y)4;x, y

)
.

If we multiply with n , take limit as n → ∞ and then consider Lemma 2.3, then we find

lim
n→∞

n (Tn,n(z;x, y)− z(x, y)) = zx(x, y)

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
+ zy(x, y)

1

2

(
D′(1;h)

D(1;h)
(1 + h) + x

)
+
1

2
x zxx(x, y) + zxy(x, y) lim

n→∞
nTn,n ((t− x)(s− y);x, y)

+
1

2
y zyy(x, y) + lim

n→∞
nTn,n

(
ρ (t, s;x, y)

√
(t− x)4 + (s− y)4;x, y

)
. (2.25)
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In addition, we have from Lemma 1.6,

lim
n→∞

nTn,n ((t− x)(s− y);x, y) = lim
n→∞

n (Tn(t− x;x)Tn(s− y; y)) = 0.

From the Cauchy-Schwarz inequality, we have

nTn,n

(
ρ (t, s;x, y)

√
(t− x)4 + (s− y)4;x, y

)
≤

(
Tn,n

(
ρ2 (t, s;x, y) ;x, y

)) 1
2
(
n2Tn,n

(
(t− x)4 + (s− y)4;x, y

)) 1
2

=
(
Tn,n

(
ρ2 (t, s;x, y) ;x, y

)) 1
2

(
n2Tn,n

(
(t− x)

4
;x, y

)
+ n2Tn,n

(
(s− y)

4
;x, y

)) 1
2

.

Here, ρ2 (t, s;x, y) → 0 as (t, s) → (x, y) . Thus, by Theorem 2.4, we obtain that

lim
n→∞

Tn,n

(
ρ2 (t, s;x, y)

)
= 0

uniformly with respect to (x, y) ∈ Iab . With the help of Lemma 2.3, we find

lim
n→∞

n2Tn,n

(
(t− x)

4
;x, y

)
= 3x2,

lim
n→∞

n2Tn,n

(
(s− y)

4
;x, y

)
= 3y2.

Therefore,

lim
n→∞

nTn,n

(
ρ (t, s;x, y)

√
(t− x)4 + (s− y)4;x, y

)
= 0.

Finally, from (2.25), we obtain the desired result as follows

lim
n→∞

n (Tn,n (z;x, y)− z(x, y)) = zx(x, y)

(
D′(1;h)

D(1;h)
(1 + h) + 2y

)
+ zy(x, y)

1

2

(
D′(1;h)

D(1;h)
(1 + h) + x

)
+
1

2
x zxx(x, y) +

1

2
y zyy(x, y).

3. Kantorovich form of The ∆h -Gould-Hopper Appell polynomials

In this section, we consider the Kantorovich modification of the operators including ∆h -Gould-Hopper Appell
polynomials as follows

T ∗
m,n(z;x, y) =

mn

(D(1;h))
2
(1 + h)

(m+1)x+(n+1)y
h

×
∞∑
u=0

∞∑
v=0

Au(mx, y;h)

u!

Av(x, ny;h)

v!

∫ u+1
m

u
m

∫ v+1
n

v
n

z

(
k(1 + h),

l(1 + h)

2

)
dl dk (3.1)

where m,n ∈ N, (x, y) ∈ I2, z(x, y) ∈ C
(
I2
)
. Now, we obtain the approximation properties.
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Lemma 3.1 For ei,j = tisj ; i, j = 0, 1, 2, 3, 4 and x, y ∈ I , the operators T ∗
m,n(ei,j ;x, y) have the equalities

T ∗
m,n(e0,0;x, y) = Tm,n(e0,0;x, y),

T ∗
m,n(e1,0;x, y) = Tm,n(e1,0;x, y) +

1 + h

2m
Tm,n(e0,0;x, y),

T ∗
m,n(e0,1;x, y) = Tm,n(e0,1;x, y) +

1 + h

4n
Tm,n(e0,0;x, y),

T ∗
m,n(e2,0;x, y) = Tm,n(e2,0;x, y) +

1 + h

m
Tm,n(e1,0;x, y) +

(1 + h)2

3m2
Tm,n(e0,0;x, y),

T ∗
m,n(e0,2;x, y) = Tm,n(e0,2;x, y) +

1 + h

2n
Tm,n(e0,1;x, y) +

(1 + h)2

12n2
Tm,n(e0,0;x, y),

T ∗
m,n(e3,0;x, y) = Tm,n(e3,0;x, y) +

3(1 + h)

2m
Tm,n(e2,0;x, y) +

(1 + h)2

m2
Tm,n(e1,0;x, y)

+
(1 + h)3

4m3
Tm,n(e0,0;x, y),

T ∗
m,n(e0,3;x, y) = Tm,n(e0,3;x, y) +

3(1 + h)

4n
Tm,n(e0,2;x, y) +

(1 + h)2

4n2
Tm,n(e0,1;x, y)

+
(1 + h)3

32n3
Tm,n(e0,0;x, y),

T ∗
m,n(e4,0;x, y) = Tm,n(e4,0;x, y) +

2(1 + h)

m
Tm,n(e3,0;x, y) +

2(1 + h)2

m2
Tm,n(e2,0;x, y)

+
(1 + h)3

m3
Tm,n(e1,0;x, y) +

(1 + h)4

5m4
Tm,n(e0,0;x, y),

T ∗
m,n(e0,4;x, y) = Tm,n(e0,4;x, y) +

1 + h

n
Tm,n(e0,3;x, y) +

(1 + h)2

2n2
Tm,n(e0,2;x, y)

+
(1 + h)3

8n3
Tm,n(e0,1;x, y) +

(1 + h)4

80n4
Tm,n(e0,0;x, y).

Lemma 3.2 For the operators T ∗
m,n , the following equalities are satisfied

T ∗
m,n(t− x;x, y) =

1

m

((
1

2
+

D′(1;h)

D(1;h)

)
(1 + h) + 2y

)
,

T ∗
m,n(s− y;x, y) =

1

2n

((
1

2
+

D′(1;h)

D(1;h)

)
(1 + h) + x

)
,

T ∗
m,n((t− x)

2
;x, y) =

x

m
+

1

m2

[(
D′′(1;h) + 2D′(1;h)

D(1;h)
+

1

3

)
(1 + h)2

+2y

(
2D′(1;h)

D(1;h)
+ 1

)
(1 + h) + 4y(y + 1)

]
,

T ∗
m,n((s− y)

2
;x, y) =

y

n
+

1

4n2

[(
D′′(1;h) + 2D′(1;h)

D(1;h)
+

1

3

)
(1 + h)2

+ x

(
2D′(1;h)

D(1;h)
+ 1

)
(1 + h) + x(x+ 1)

]
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where x, y ∈ I .

When we look at the approximation properties of the operators T ∗
m,n closely, we see that the operators

are associated with the approximation properties of the operators Tm,n . Because of this, we will mention only
theorems for T ∗

m,n .

Theorem 3.3 Let z ∈ C
(
I2
)
∩N . Then,

lim
m,n→∞

T ∗
m,n(z;x, y) = z(x, y).

uniformly on each compact Iab .

Theorem 3.4 Let z ∈ C (Iab) and (x, y) ∈ Iab . Then, for φm(x) = T ∗
m,n

(
(t− x)

2
;x, y

)
and φn(x) =

T ∗
m,n

(
(s− y)

2
;x, y

)
, we obtain

∣∣T ∗
m,n(z;x, y)− z(x, y)

∣∣ ≤ 4ω(z;
√

φm(x),
√

φn(y)).

Theorem 3.5 For z ∈ C (Iab) , φm(x) = T ∗
m,n

(
(t− x)

2
;x, y

)
and φn(x) = T ∗

m,n

(
(s− y)

2
;x, y

)
; the

operators T ∗
m,n satisfy the following inequality

∣∣T ∗
m,n(z;x, y)− z(x, y)

∣∣ ≤ 2
[
ω(1)

(
z;
√
φm(x)

)
+ ω(2)

(
z;
√
φn(y)

)]
.

Theorem 3.6 Let z ∈ C (Iab) . Then, for the operators T ∗
m,n , we get

∣∣T ∗
m,n(z;x, y)− z(x, y)

∣∣ ≤ M

[
ω2

(
z;

1

2

√
φm(x) + φn(y) + γ2

m + γ2
n

)
+min

{
1, φm(x) + φn(y) + γ2

m + γ2
n

}
∥z∥C(Iab)

]
+ ω (z; γm, γn)

where C is a positive constant, φm(x) = T ∗
m,n

(
(t− x)

2
;x, y

)
, φn(x) = T ∗

m,n

(
(s− y)

2
;x, y

)
and ω2 is the

second order modulus of continuity. In addition, γm and γn is defined by

γm =
1

m

((
1

2
+

D′(1;h)

D(1;h)

)
(1 + h) + 2y

)
,

γn =
1

2n

((
1

2
+

D′(1;h)

D(1;h)

)
(1 + h) + x

)
.

Theorem 3.7 For z ∈ LipM (b1, b2) , the following inequality is satisfied

∣∣T ∗
m,n(z;x, y)− z(x, y)

∣∣ ≤ L (θm(x))
b1
2 (θn(y))

b2
2

where L > 0 , θm(x) and θn(y) are defined by T ∗
m((t − x)2;x) and T ∗

n((s − y)2; y) respectively. Here, the
operator T ∗

m are Kantorovich form of the operators (1.14) (see [12]).
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Theorem 3.8 For z ∈ C1
(
I2
)
, we have

∥∥T ∗
m,n(z)− z

∥∥ ≤ ∥zx∥
√

φm(x) + ∥zy∥
√

φn(y)

where φm(x) = T ∗
m,n

(
(t− x)

2
;x, y

)
, φn(x) = T ∗

m,n

(
(s− y)

2
;x, y

)
.

Theorem 3.9 For z, z′, z′′ ∈ S
(
I2
)
, we get

lim
n→∞

n
(
T ∗
n,n (z;x, y)− z(x, y)

)
= zx(x, y)

((
1

2
+

D′(1;h)

D(1;h)

)
(1 + h) + 2y

)
(1 + h)

+zy(x, y)
1

2

((
1

2
+

D′(1;h)

D(1;h)

)
(1 + h) + x

)
(1 + h)

+
1

2
x zxx(x, y) +

1

2
y zyy(x, y)

where (x, y) ∈ Iab and Iab is compact subset of I2 .

4. Conclusion
In this paper, we introduced the approximation properties of the linear positive operators including ∆h -Gould-
Hopper Appell polynomials. In recent years, there have been many studies on Appell polynomials, which
have very practical areas in pure and applied mathematics. From these studies and the information given
in the introduction, we obtained more general impressions and we predict that this paper will contribute to
many mathematical processes. Besides, we obtained two variable versions of the operators including degenerate
Appell polynomials. After this study, the authors may research multi-variable versions of the operators including
degenerate Appell polynomials and other operators.
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