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Abstract: The present paper deals with the approximation properties of the linear positive operators, including
Ap-Gould-Hopper Appell polynomials. We investigate some theorems for convergence of the operators and their
approximation degrees with the help of the classical approach, Peetre’s KC-functional, Lipschitz class and Voronovskaja-
type theorem. In the last section of the paper, we introduce the Kantorovich form of the operators and examine the

approximation degree.
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1. Introduction

The approximation theory has an extensive using area in mathematical physics. For this subject, firstly,
Weierstrass [16] considered the approximation on the continuous functions problems in 1885. He expressed
that every function on the closed interval [a,b] is approachable by means of the polynomials. This work has
been an inspiration to most of mathematicians for studying on polynomials. Later, Szész [13] introduced the

linear positive operators as

Sm (z;2) =™ 72) (7727?)”2 (%) (1.1)

for each m € N. Here x € [0,00), z € C'[0,00) and C[0,00) is the space of continuous functions. In the light
of these studies, Jakimovski and Leviatan [9] found a generalization of the operators (1.1) with the help of the

Appell polynomials. Let

D(v) =Y a,v*,D(1) #0, (1.2)
u=0

veE€R (or veC)and [v] <R (R >1). From (1.2), the generating function of the Appell polynomials as

follows

D(v)e™ = Z’Pu(x)v“. (1.3)
u=0
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In addition, by taking into consideration (1.2) and (1.3), the formal series of Appell polynomials are defined as

,Pm(x) = Z;Jam(;;m_:b)! (14)

(see [3]). With the help of the above expressions, Jakimovski and Leviatan obtained the operators

K, (z;2) =

‘;g) ;Pu(mx)z (%), (1.5)

Here, z € T and T := {z € C[0,00) : |2(z)| < ae*® for constant a >0, A > 0}. Then, Ismail [7] considered a

new operator via Sheffer polynomials as follows
Qm(z;z) = T Z Eu(max)z (%) ,meN (1.6)
and Sheffer polynomials have the generating functions as
D(t)e™" =" &, ()", t| < R. (1.7)
u=0

In here, S(t) = Y ooy gut“(91 # 0) is analytic function. These operators (1.6) are more general than the
operators (1.1) and (1.5).

Remark 1.1 If we take S(t) =1t in (1.6), then we achieve (1.5). Moreover, for S(t) =t and D(t) =1, we
get the operator (1.1).

Later, Varma et al. [14] introduced a different operator as follows

1 = U
Ly (z;2) = DB uz:%ju(mx)z (E) (1.8)

for each m € N. Here, z > 0, B(t) and D(t) are the analytic functions and 7, (z) is Brenke type polynomials

which have the generating functions as

D(t)B(xt) =Y Ju(x)t". (1.9)
u=0

Remark 1.2 If one writes B(t) = €' in (1.8), then this operator is reduced to (1.5). Additively, if one take
B(t) = €' and D(t) =1, then the Szisz operators (1.1) is obtained.

Besides, I¢oz et al. [8] presented the linear positive operators by means of the generalized Appell polynomials

Pu(z). These polynomials have the generating function

D(r(t))E(xr(t)) = Y Pula)t" (1.10)
u=0
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and this operator as follows

M (z; m):D(r( Blmar( ZP me) ( ) (1.11)

Remark 1.3 For r(t) = t and E(t) = €', the operators (1.11) reduce to (1.5). In addition, if one take
D(t) =1, then we get the Szdsz operators in (1.1).

Then, Ozarslan and Yasar [11] introduced the Aj,-Gould-Hopper Appell polynomials by the equality

o0

tu

: £ g _ :
D(t; h)(1+ ht)® (14 ht*)F = > Ay(z,y; h)—, (1.12)
u=0
where D(t;h) is an analytic function with the formal series as follows
o0 tu
= oun—, oon #0. (1.13)
ul

u=0

For example from [11], when they take D(t;h) as

instead of D(t;h) in (1.13), then they find the degenerate Genocchi numbers G, := G,(0,0;h) which

is obtained from the degenerate Gould-Hopper Genocchi polynomial sequence {G,(x,y;h)} Here, the

ueN"
degenerate Gould-Hopper Genocchi polynomial has the generating function as follows

2 . T tu
- A+ h)F(1+ k) = uw(T,y h)—.
Tt AR ;09 (.95 )

For the another example from [11], when they take D(t;h) as

t
D(t;h) = 1+ht Z Bu

instead of D(¢;h) in (1.13), then they find the Aj-Bernoulli numbers of the second kind Bi{h := BLL(0,0; h)

which is obtained from the Aj-Gould-Hopper Bernoulli polynomial sequence of the second kind {B{LI (z,y; h) }u N’

Here, the A -Gould-Hopper Bernoulli polynomial has the generating function as follows

oo u

z 2\¥% 11 . l
(14 ht)% (1 + ht?)n 71;03” (2,3 h)

ht
In(1 + ht)
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Besides, Biricik et al. [4] obtained the sequences of twice-iterated Aj-Gould-Hopper Appell polynomials as

follows

Da (6 ) Dy (£ h) (1 + ht) E (1 + he2) Z/cﬂt

where D1 (t;h) and Dy(t; h) are defined by (1.13).

After these studies, Sergi et al. [12] presented the linear positive operators

o 1 - 1 (u(l+h)
Tn(z;2) = M ENOE ;Au(mx,h)az (m> (1.14)
where h € (—1,0), [t{| <R (R>1) and
D(t; h)(1 + ht)h = iAu(:p;h)% (1.15)
u=0 .

is generating function of the degenerate Appell polynomials (see [5]). In addition, D(1;h) has limit by this
means limy,_,o- D(1;h) = D*(1) and D* is analytic function with D*(¢) = > a,t*, D*(1) #0.

Remark 1.4 If we take limit of the operators (1.1/) as h — 07, then we get (1.5) and if we take D(t;h) =1,

then we obtain the Szdsz operators in (1.1).

Lemma 1.5 [12] For e; = t, j=0,1,2, the operators T, have the following equalities

Tm(eog;z) = 1,

Tn(er;z) = z+ M(l + h),

T(es;z) = a2+ % (mu +h)+ 1) + # (D”(l;f))(:g(l;h)u + h)2> .

Lemma 1.6 [12] For the operators Ty, in (1.14) and x € [0,00), the following equalities are satisfied

(1+h)D'(1;h)

Th(t—x;2) = DR (1.16)
af) - %o (LA (20 D) "

By taking into consideration the above studies, we can define a generalization of the linear operators containing

Ap-Gould-Hopper Appell polynomials as

1 (ma y, ) Av(@,ny;h) (u(l+h) v(l+h)
Tm,n(z§$ay) = 2 [CESVEECESIY ZZ ol z D m

(1.18)
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for I =[0,00),I?=1x1,2€C (12) and m,n € N. Here, the space C (IZ) is the space of all real-valued

continuous functions on 2. Under the following conditions, we can say that the operator Ty, ,, is a linear and

positive operator:

(Z) D(lvh) %O,hE (*130)7
(5) ForallueN, o,5/D(1;h) >0, (1.19)
(#4i) The power series at (1.12) and (1.13) are convergent in [t| < R(R > 1).

In this paper, we obtain the approximation properties of the operators 7, ,. In Section 2, we consider the
order of approximation with the help of some lemmas and theorems. Later, in Section 3, we will express the

Kantorovich variant of the operators T, ,,, its approximation properties and approximation degree.

2. Approximation of T;,, operators

In this section, we will introduce some theorems for the degree of approximation of the operators T, , by
means of complete modulus of continuity, partial modulus of continuity, Peetre’s K-functional and Lipschitz

class functions. Then, we will give the Voronovskaja-type theorem for the operators T, ;, .

Before considering the proof of theorems for the operators (1.18), it is necessary to mention the following

lemmas.

Lemma 2.1 The following equalities are satisfied

ZW - D(l;h)(1+h)7nﬁ+y, (2.1)
u=0 ’
ZW = D(l;h)(1+h)ztfy’ (2.2)
u=0 ’
3 W“ = (ma+2y)D(L )1+ h) "5 £ DL R) (1 + h) T (2.3)
u=0 ’
Z Wu = (z+42ny)D(1;h)(1+h) Rl D'(1;h)(1 4 h) = (24)
u=0 ’
> WUZ = (mx)*D(Lh)(1+h) ™52+ ma [(zp/(l; h) + D(1;h)) (1+ h) ™5
u=0 :

maty
7 2

+ (4 — ) D( )(1+ )7 2] 4 dy (y = h) DL A)(1 + )

maty g maty

+4y (D'(1;h) + D(1;:0)) (L+ k)7 "+ (D"(1;h) + D'(1:h)) (L4 h) 7, (2.5)

X\ Au(z,ny; h siny siny
Z%M = (2ny)2D(1;h)(1 + h) 72 + dny [(D’(l;h)+D(1;h))(1+h) -1
u=0 :

r4ny z«%;lny72

4 (z— h) D; h)(1 + h)=F *2} Fa(z—h) D)1+ h)

z4+ny

+x (2D (1;h) + D(1; 1)) (1 + k) 7 ~L 4 (D"(1;h) + D'(1;h)) (14 h) 7", (2.6)




u=0

Au (m:c, Y, h) US

u!

Ay (z, ny; h) ¥
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ty_o

mzty
h 3

(ma)*D(13h)(1+ h) + (ma)? [3(D'(1:h) + D(1; ) (1 + h) ™7

—3RD(1; h)(1 + h)“F 3}

+ma |(3D"(15h) + 6D/ (15 ) + D(1;h)) (1 + )5 1

— 30 (D'(1;1) + D(1; 1)) (1 + h) %" =2 4 202 D(1; h)(1 4 h) """~

]

m2+1/ 3i|

-3

+(29)° D(1; h) (1 + h) =5

+(2y)? [3 (D'(1;h) + 2D(1; b)) (1 + h) ™5 =2 — 6hD(1; h)(1 + h)

-1

+2y [(3D//(1; h) +9D'(1;h) +4D(1; h)) (1 + h) maoty

—6h (D'(1;h) +2D(1; h)) (1 4+ h) "7 +Sh2D(1; h)(1 + h) 52—

}

7n7:+; _9

+omay [(GD’(I; h) +9D(1; 1)) (1 + h)

+ 3 (ma + 2y — 3h) D(1; h)(1 4 h) ™"~ ]
+ (D" (15h) +3D" (1 h) + D' (1; ) (1 +h) 5, (2.7)

-3

(2ny)> D(1; h)(1 + h) 5

-2

+(2ny)? [3(D/(13h) +2D(1: 1)) (1 + h)

—6hD(L; h)(1 + h) = 3}

n+ny 1

+2ny [(31)"(1; h) +9D'(1; h) + 4D(1; b)) (1 + h) ™7

ny

—6h (D'(1;h) + 2D(1;h)) (1 + k)%

“2 4 8R2D(1;h)(1 + h) 5

}

+ny -3 1+ny —92

+28 D(1; h)(1+ h) "3 4 o [3(D’(1;h) + D(1; 1) (1 + h) 5

“3RD(1; h)(1 + h) =7 —3}

.7.+ny -1

+x [(31)"(1; h) + 6D'(1; h) + D(1; h)) (1 + h) =%

ny

.7.+ny -3

— 31 (D'(13h) + D(1: ) (1 + h) "% ~2 £ 212 D(L; h)(1 + )~

m+ny —92

12y [(6D'(1; h) +9D(L; h)) (1 + h) =5

.7.+ny -3

+3(zx+2ny —3h)D(1;h)(1+h) *»

a‘+'ny

+(D"'(13h) +3D"(1h) + D'(1:h)) (14 h) (2:8)



and

i Au(mxa Y; h) u4

u=0

>

u=0

= Au(aja ny; h) ’LL4
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mz+ty
h —4

+’_'-/ 4:|

+(ma)? [(GD”(l; h) +18D'(1;h) + 7TD(1; h)) (1 + h) “F "~

(ma)*D(1; h)(1 + h)

—6hD(1;h)(1+h)™

+’_'-/ -3

—6h (2D'(1;h) +3D(1;h)) (1 + )™

+ma [(4D"'(1; h) +18D"(1; h) + 14D (1; h) + D(1; b)) (1 + h)

7nm+y —92

—h(6D"(1;h) +18D'(1;h) + 7TD(1;h)) (L + h)™ »

+4h% (2D (15 h) + 3D(1; b)) (1 + h) =5

nLJ.+y _4

+(2y)'D(L:h) (1 + ) F

+(29)* [4 (D/(151) + 3D(1; ) (1 + )5

mT+1/ 9

+ (29)? [(6D”(1; h) + 30D’ (1; h) + 28D(1; b)) (1 + h)

+J _3

—12h (2D’ (1;h) + 6D(1; b)) (1 + h)™ +44h*D(1; h)(1 + h)

+2y [(41:)'"(1; h) +24D"(1; h) + 43D'(1; h) + 8D(1; b)) (1 + h)

'm..L+y 9

—2h (6D"(1;h) + 30D’ (1; h) + 28D(1; h)) (1 + h)

mT+y _3

+16h% (2D'(1;h) +6D(1;h)) (1 + h) —48h3D(1;h)(1 + h)

+2mary {(12[)"(1; h) +48D'(1; h) + 32D (1; b)) (1 + h) “7 "2

—12h (3D'(1;h) + 7TD(1; b)) (1 + h) 7

+6ma(2D'(1;h) + 4D(1; h))(1 + h) 7"~

4y (()’D/(l; h) + 15D(1; h)(1 + h) "3 — 15hD(1; h)(1 + h) ™%

+4 (3may + (ma)? + 42) D(1; h)(1 + h) ™" 4]

mz+ty
h

+ (DD(5R) + 6D (131) + TD"(151) + D'(131)) (1 + )

—4

(2ny)*D(1; h)(1 + h) 5"

a:+'n.y _3

+(2ny)? [4 (D’(l; h) +3D(1; h)(1 + h) =73 — 3RD(1; h)(1 + h) 7

+ (ma) [(413'(1; h) +6D(1; h)) (1 + h)

+11R2D(1; h) (1 + h) =

3 _6h*D(1;h) (14 h)*F

+ 52h2D(1; h)(1 + h) ™"

— 4RD(1;h)(1 + h) "7~

rty 74)

mz+y
h -3

a

mz+y 1

=

=3 _3hD(1; h)(1 + h) "5 4)}

maty 4}

'm:r+7/ 1

m"l‘+’l/ _4

—4

—
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:n+ny —92

+ (2ny)° [(60//(1; h) + 30D’ (1; h) + 28D(1; h)) (1 + h) =7

ny

—12h (2D (1; k) + 6D(1; h)) (1 + h) ™%

+2ny [(41)'"(1; h) + 24D"(1; h) + 43D (1; h) + 8D(1; ) (1 + h)

-2

~2h (6D"(1; h) + 30D’ (13 h) + 28D (1; 1)) (1 + h) 7"

m+ny _3

+16h2% (2D'(1;h) + 6D(1;h)) (1 +h) *

+2*D(1;h) (1 + h) TH L 4 8 [(4D’(1;h)+6D(1;h))( +h)=R

—6hD(L; h)(1 + h) =7~ 4}

m+ny )

+a? [(617/(1; h) +18D'(1; h) + 7D(1; b)) (1 + h) 5

ny

—6h (2D'(1; h) + 3D(1; h)) (1 + h) %

ta [(41)’”(1; h) +18D"(1;h) + 14D'(1; h) + D(1; b)) (1 + h

—2

—h (6D"(1; h) + 18D'(1; ) + TD(1; h)) (1 + h) 7"

1+ny _3

+4h? (2D'(1;h) +3D(1;h)) (1 +h) = ~3 —6h>D(1;h)(1+h) =

.L+7Ly 9

+2xny [(121)”(1; h) + 48D/ (13 h) + 32D(1; h)) (1 + h) %

ny

—12h (3D (1;h) + 7TD(1; 1)) (1 + h)

+62(2D' (1;h) + 4D(1; k) (1 + k) 7" ~3 — 4hD(1; h) (1 + h) %

+any <6D’(1; h) +15D(1; h)(1 + h) =5 =3 — 15hD(1; h)(1 + h) =7

+4 (3zny + 2 + 4(ny)®) D(L;h) (1 4+ h) * = 4}

‘L+'n.y

+ (D<4>(1; h) + 6D (1;h) + 7D"(1;h) + D'(1; h)) (14 h)""
Proof If we take t = 1 and write max instead of z in (1.12), we can find

Ay (mz,y; h)
u! ’

D(1;h)(1 + )" = i

u=0

Similarly, if we take t = 1 and write ny instead of y in (1.12), we can obtain

(z,ny; h)
u!

D(1;h)(1+ h)“#* = Z

u=0

which are corresponding to (2.1) and (2.2) respectively.

3 L 44h?D(1;h) (1 +h) R

—48h3D(1;h)(1 + h)

I+ny 4:|

z+ny 1

x4+ ny 4]

r+ny _3

=3 4 11R2D (1 h) (1 + h) TR

) x+ny -1

a.+ny 4j|

=3 4 52h2D(1; h) (1 + h) 5

1:+ny 4

ziny 4)

(2.10)
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By taking the first-order derivative with respect to ¢ for the generating function (1.12), we have
D' (t;h)(1 4 ht)* (1 4 ht®) % + 2D(t; h)(1 + ht) 5 =11 4+ ht?®)F + 2tyD(t; h)(l + ht)%(l + ht2)

Then, if we take t =1 and write ma instead of z in the above equality, we get (2.3) that

-1

D/(L;R)(1+Rh)™ 5" + maD(L;h)(1+ h) ™%~ 4+ 2yD(1; h)(1 + h) ™

—Z (ma y’ . (2.11)

Besides, if we take t = 1 and write ny instead of y, then we obtain (2.4) that

m+ny 1

D’(l;h)(1+h) 4+ 2D(1; h)(1+h) +2nyD(1;R)(1+h) ™R

_Z x”y’ . (2.12)

By taking the second-order derivative with respect to t for the generating function (1.12), we obtain
D"(t;h)(1 4+ ht)® (1 + ht>) % + 2D’ (t; h)(1 + ht) 5~ (1 4+ ht®) & + 2ty D' (t;h) (1 4 ht)* (1 + ht?)h 1

+xD'(t;h)(1 + ht)F (1 4+ ht®)h + zh (% - 1) D(t; h) (1 + ht) % ~2(1 + ht?)*

x

+2xtyD(t; h) (1 + ht)* 11 + ht?) 5 ~1 + 2yD(t; h) (1 + ht) ¥ (1 4 ht?)h 1
+2ty D' (t; h)(1 + ht) % (1 + ht?) =1 4+ 2wty D(t; h) (1 4 ht) 5 1 (1 + ht?)% !

- 1) D(t:h)(1 + ht)F (1 + ht?) =2 = f: Au@Gih) gy

+4t%hy (Q '
= u!

h

If we take t = 1, write mz instead of z and considering (2.11) in the last equality, then we find (2.5) as follows

'm:r+1/ 1

(D"(1;h) + D'(1;h)) (1 + h) """ + 4y (D' (1;h) + D(1; h)) (1 + h)

nzm+y _92

+ayh (% —1) D R)(1 +B) T 72 + (ma)*D(1; h)(1 + h)

U (dy — ) D(L AL+ )52 = S A ) o

u!

+ma ((2D’(1; h) + D(1;h)) (1 + ) =5
u=0

Later, if we take ¢ = 1, write ny instead of y and considering (2.12) in the last equality, then we find (2.6) as

follows

J_+ny -1

(D"(1;h) + D'(1;h)) (1 + h) “ 422D’ (1;h) + D(1; h)D(1; h)) (1 + h)™n

-2

o (3 = 1) DA +H) 772 4+ 2ny)? D15 R (1 + h)

h

J‘+J —1

) _ i Au(fc;:y; h) o

u=0
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Similarly to this process, we can see that (2.7)-(2.10) is obtained.

Lemma 2.2 Let Ty, (ei5;2,y), €5 =t's7 (i, =0,1,2,3,4) and z,y € [0,00). Then, we obtain

Tm,n(€070;$>y) = 1,

1
Tmn(eroiz,y) = x+m( (1+h)+2y>

1
Tm,n(eo,l;x,y) = y"_i ( (1+h)+$>

2D'(1; h
Tn(e20;z,y) = a°+ ° (H(1+h)+1+4y>
D

4yD'(1; h)
D(1;h)

(I1+h)+4y(y + 1)) ,

Tron(eo2;z,y) = ?JQ‘FTyL(

2zD'(1; h)

(1+h)?*+ D1

1 (D"(1;h)+D’(1;h) (1+h)+$($+1)>’

32

. D/ 1:h
Tm,n(els,o;iﬂ,y) = gc3+< (> )

D(1;h)
¢ (3(D"(1;h) +2D'(1; b))
T < D(1;h) 5

8y 12y% [ D'(1;h)
m3  m3 \ D(1;h)

— (1+h)+1>

3hD'(1;h)
W(l +h)+1— h>

(1+h)+2> +sz3 (3(D/,< h)(l-l-;:))D L)

m2 + h)2 o

(1+ h)?

6h.D'(1; h)
~ D(1;h)
1 (D"(1;h) +3D"(1;h) + D'(1; h)
s D1; h) )
22y (6D'(1;h) -
2 <( ) (1+h)+3(3+ +2y)>,
D'(1;h)
D(1;h)
y (3(D"(1;h) +3D'(1; 1)) 6hD'(1; h)
*( D(i;h) @40 = 5w
1

(I4+h)+4(1- h)>

D
3 3y
Tm,n(eO,S; x, y) = Yy + — m (1 + h) + 2

4n?

¥ 3x® (D'(1;h) x (3(D"(1;h)+2D'(1;h)) 5
++<D(1;h)(1+h)+1)+83< D (1+h)

8n3 = 8n3
(I1+h)+1 —h)

(1+h)+4(1— h)>

3hD'(1; h)
~ D(1;h)

1 /D" (1;h) +3D"(1;h) + D'(1; h)

8n? ( D(1; h) (1+ h)3>

10
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zy (6D'(1;h)
4n? \ D(1;h)

3 (- T 7
Tonn(eao;imy) = x4+% <21D)(§%}L})L) (1+h) +3) 2( 6 (D +3D L h))(1+h)2

12hD'(1; h) @ (2(2D"(4 h)+9D”(1 h) +7D'(1; b))
_W(l+h)+7 4h) ( D) (1+h)?

6h (D" (1;h) +3D'(1; 1))
a D(1;h)

16y*  16y> (2D'(1;h)
Tt T e (D(l;h)

(1+h)+3(3+x+2ny)>,

8h2D'(1; h)
D(1;h)

A

(1+h)? +

(1+h)+h2—4h+1>

24hD'(1; h)
~ D(1;h)

2y (4D"'(1;h) +24D"(1;h) +43D'(1; h)
Tt ( D(1;h)

6h (2D"(1;h) 4+ 5D'(1; h)) 32h2D'(1; h)
- D(1;h) D(1;h)

1 (DW(1;h) +6D"(1;h) + 7D"(1;h) + D'(1; h)
mt ( D(1;h)

2y (12(D"(1;h) + 4D'(1; h)) 36hD'(1; h)
" ( D(1:h) D(L:h)

+12ma (g/((ll;;:))(1+h)+2>+12 (D(Sh};)( +h)+5)

(1+h)+4(7— 4h))

(14 h)?

mA4

(1+h)*+ (1+h)+8(h2—4h+1)>

(1+ h)4>

(1+h)*— (14 h) + 4(8 — 5h)

+4 ((mz)? + 3may + 4y*) >,
2 "
Tn(eoaiz,y) = y'+ % <2£(§ h};)(1+h)+6> 4y2 (6@ £ h)(;Li)D & h))(1+h)2
24hD'(1; h)
~ D(L;h)
y (AD"(1;h) + 24D"(1; h) + 43D’ (1; h)
8n3 ( D(1;h)
6h (2D"(1; h) + 5D’ (1; h))
a D(1;h)
x? 3 (2D'(1;h)
i ( D(L:h)

(14 h) +4(7 - 4h))

(1+hn)?
32h2D/(1; h)
D(1;h)
2?2 (6(D"(1;h) + 3D'(1;h))
1601 ( D(1; 1)
x (2(2D"(1;h)4+9D"(1;h) + 7D'(1;h))
1601 ( D(1; k)
8h2D'(1; h)
D(1;h)

(1+h)*+

(1+h) +8(h? 4h+1)>

(1 + h)?

+

16nt * 8nt
_12hD/(1;h)

D(1;h)
_ 6h(D"(1;h) +3D'(1;h))
D(1;h)

(1+h)+3>+

(1+h)+7—4h)+ (1+h)°

(14 h)* +

(1+h)+h2—4h+1>
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1 (DW(@:h)+6D"(1;h) +7D"(1;h) + D'(1; h
16n4 D(1;h)

Ty (12 (D"(1;h) +4D'(1; h))

36hD' (1; h)
_1’_7 . S ———
D(1;h)

D(1;h)
2D'(1; h)
D(1;h)

(1+h)? (14 h) +4(8 — 5h)

8n3

12 (D/(l; )14 m)+ 2) +12ny (

D(L ) (1+h)+5)

+4 (2° + 3zny + 4(ny)?) ) .

Proof If we take into consideration the equalities (2.1)—(2.10), respectively, then we achieve the proof of

lemma.

Lemma 2.3 Let z,y € [0,00). Then, the following equalities are satisfied

Tt — z52,y) = % (g((lljg(l +h) —|—2y> : (2.13)
Ton(s —yiz,y) = ;n <11))/((11;;]Z)) (1+n) + x) : (2.14)
Tallt=afizg) = & [P ETER 0y
+dy (1;((11::)) (1+h)+1+ y)} , (2.15)
Tl afsay) = Lo | PRI 0 gy
x<m(1+h)+1+x>y (2.16)
Tt —5)sag) = 3;1 2 [2 (3D"(1; 1) + (;(—1;4:)+ YDA | e

8h (h — 9y + 6) D'(1; h)

(1+h)+ h*+28h + 8y (8 — 5h + 3y) — 31

D(1; h)
+% [D(4)(1;h) +6D“’(1;Dh()1;+h;D"(1;h) DL (g gy
Loy <4D”’(1; h) + 2411))("1(;1}2)@ +43D'(1;h) (1 ny?
_6h (2D”(11;)}8;—|}—L)5D'(1; h)) (14 1) + Wu + h)2 4+ 8(h? —4h + 1))
4y (3 (2D~(1;l;l()ljrh?D’(1; B (1 4 hy - W(l R AT 4h)>
+16y° (m + 6) + 16y4} (2.17)

12
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and

2 " /
y y [12D"(1;h) + (39 + 9% + 242)D'(1; h
4h(8h — 9z + 3)D'(1; h)
D(1;h)

(I1+h)

+8h? — 28h + 42 (8 — 5h + 3x) + 4

*161714 {D(“)(l; h) + 6D”’(1;Dh()1;+h;D”(1; h) + D'(1;h) (14 hy?
i (2 (2D"(1; 1) +§>)1(7£’;(;; P TR (g 4 pys
RUILALIRE LIS
W(1+h)+h24h+1>
2 (6 (D”(l;g)(;lf)["(“ M) (14 ny2 - W(l +h)+T - 4h>
+22 (W(l +h)+ 3) + x“] . (2.18)

In this paper, we will define that C (I,;) is the space of all bounded and continuous functions on
I, =[0,a] x [0,b] endowed with

Izle,,) = sup  |z(z,y)]. (2.19)
(z,y)€lap

Besides, we will express the set of weighted function as N := {z : |2(z,y)| < C.afz,y), a(z,y) =1+ 2% +y?}
where C, is fixed and depends just on z.

Theorem 2.4 For z € C (12) N N, we obtain that

lim Tpn(z2,y) = 2(2,y)

m,n— 00

uniformly on each compact subset I, of I?.

Proof Considering Lemma 2.2, we have

lim Tm,n(epﬂ") = el),'f” (p7 T) € {(07 0)7 (1’ 0)7 (07 1)}3

m,n— 0o

lim Ty, pn(e20 + €02) = €20 + €o2
m,n— oo

uniformly on I,;. If we apply the Volkov theorem in [15], then we complete the proof.

13
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Now, for estimating the order of approximation, we consider some definitions.

Definition 2.5 [2] Let z € C (1) and 61,62 > 0. For (z,y),(t,8) € I, the complete modulus of continuity
w(z;81,02) of the function z is defined by

OJ(Z;517(52) = sup{|z(t, 8) - Z(I’,y” : (t78)7 (ﬁ,y) € (Iab) ) |t - il?| < 517 |S - y| < 52} .
The modulus of continuity has these properties:

(1) w(z;01,02) = 0, if 61 = 0, 62 — 0,

(#0) |2(t,5) — 2(z, )| < w(z; 61, 62) (1 L 61‘”|) (1 + |352‘"> :

In addition, for § > 0, partial modulus of continuity are given by

wW(z0) = sup{lz(e1,y) = 2(w2,9)] 1y € [0,0], |1 — 22| < 6},

w@(2;8) = sup{|z(z,y1) — 2(z,y2)| 1 2 € [0,a], |y1 — y2| <5} .

Definition 2.6 [6] Let C?%(I,p) be the space of all functions z € C(I) and belongs to the space C(Iap) such

that 22, 2z (i =1,2). The norm on the space C?(Iy) is defined as follows
) _ (2.20)
ab)

83:.7, 9, 32/7' )

|5,
Clap) oy’

2
<l = Wl + 3 (H 2
i=1

For ze€ C(Iu) and 6 > 0, the Peetre’s K -functional is defined by

ko) = _int {llz=gleq + 0 19lou, }-

Besides,
K(z;6)<C |:UJ2 (z; \/g) + min(1,0) ||Z||C(Iab)i| (2.21)
where C is a constant independent of z and 6. In addition, wo (z; \/3) is the second modulus of continuity

which is the similar form as the one variable case in [10] as follows

wa(z;0):= sup |lz(-+2t-4+2s)—22(-+¢t,-+s)+2(, ')”C(Iab) .
ViZ+s2<68

We will find the error of approximation as the estimation of the difference of Ty, »(z;2,y) — 2(x,y)|. To

obtain the quantitative results, we can consider this difference in some function spaces.

Theorem 2.7 For z € C (Iy) and (x,y) € I, the inequality

Tn(52,9) = 2(2,9)| < 40 (2 V/Ou(@), V/3u (1))

is satisfied. Here, 0.,(x) and 6,(y) are given as (2.15) and (2.16), respectively.

14
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Proof From the Definition 2.5, we find

|Tm,n(z;x7y) —Z(.T,y)| S

IN

T (|2(t;8) = 2(2,y)] 52, y)

w(2; V0m (@), v/0n(y)) (1 + (Sl(m)Tm,n (It — =] ;:ay))

With the help of the Cauchy-Schwarz inequality and linearity of the operators T, ,,, we have

Ton(t—zl;2,y) < (T ((E—2)%2,9))2 (T (L2,y))

Nl
Nl

Tm,n(‘s —ylsz,y) < (Tm,n ((5 - 9)23xa y))% (Tnn (1;$7y))%

By using these inequalities in (2.22),we complete the proof.

Theorem 2.8 Let z € C (1,p) and 6, (x) and §,(y) are defined as (2.15) and (2.16), respectively. Then the

following inequality is satisfied

T n(zs,y) = 2(0,9)] <2 [0 (5 Vou@) +0@ (5v/5.0)]

Proof According to definition of the partial modulus of continuity and Cauchy-Schwarz inequality, we can

find

IA

SR

3

‘Tm,n (Z§ z, y) - Z(.’[, y)|

IN

IN

IN

IN

and therefore, the proof is completed.

o (
n (

T (w0 (31t = 2l) 52, 9) + T (w0 (2315 = 9) 32,

w® (z; \/M) (1 +

|2(t, s) — 2(z,y)|; 2, 9)
|Z(t7y) - z(a:,y)| ;x,y) + Tm,n (lZ(t, S) - Z(t’y” ;x,y)

m

me,n (‘t - LL’D ;$7y>

+0J(2) (Z; 5n(y)) (1 + (Sl(y)Tm,n (|S - y|) ;x,y)
o (5 Vo) (1 e 5m(””))

+w(2) (z; 5n(y)) (1 + (sl(y) (5n(y)>

15
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Theorem 2.9 For z € C (1), the operators T, », satisfy the inequality as follows
|Tm,n(z; Z, y) - Z(:E, y)‘

< M [w2 (z; ;\/6m(:c) +0n(y) + < (l;'((fj,i‘))u +h) +29)>2 * (2171 (g/((llg;f?))(l tH ”))2)

+ min {1,6m(x) +0n(y) + (1 (D/(l; L (L+h)+ 2y)>2

3=

m \ D(1;h)

+w (z; % (lz);((i;:)) (L+h) + 29) ’ % (g((i;z]z)) e x)) ‘

Here, M is a positive constant, wo is the second order modulus of continuity and §,,(x) and §,(y) are defined
by (2.15) and (2.16), respectively.

Proof Firstly, we will consider the auxiliary operators as follows

Tron(z2y) = Ton(zia,y) — = (33 . (l;((i;:)) (1+h) + 2y) Yt g (gg;;;)) (1+h) + x))

+2(x,y). (2.23)

From Lemma 2.3, we have

Tm,n (t—z2,y) =0, Thpp (s —y;2,y) = 0. (2.24)

On the other hand, for g € C? (1,3), (t,s) € I3, using the Taylor expansion formula, we find

g(t,s) —g(z,y) = g(t,y) —g(@,y) +9g(t.s) — g(t.y)
0g(x, t 0%g(u, 0g(x, s 0%g(x,v
= ggxy)(t—x)—i-/x(t—u) ga(uzy)du—l— g(ayy)(s—y)—I—/y (5—11)798(02 )dv.

Applying Tmm for the above equality and considering the equalities (2.24), we obtain

. - t 0%g(u, - s O?g(x,v
Tontaio) = ale) = T ([ = 0705 tuiy) + T ([ (6= 0755 i)
T Yy

' 9%g(u,y)
= Tmnn (/l (t— u)aUQdu;%y)
z+%( D/((ll;;ifj) (1+h)+2y> ]_ D/(l, h) 1 I’L 2 829(“7 y) d
-/ T\ D M) ) e
° &g(zx,v)
+ T ( / (s — v)’dv;xay>
Y ov?

D’ (1;h)

Y+aw ( Dromy (L+Hh)+a 1 D'(1: h 2
—/ o )<y—|—2n( (; )(1+h)+x>—v>ag(x’v)dv.
Y

16
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Hence,

Tm,n(g;x,y)—g(m,y)) < (/ it —uf |29 g )
: /<> o (B o) e
+Tm7n</‘;sv| % dv ;x,y)
+ /yy+;n(%’5f,i o % (lz)/ : 1+h)+x> —v 48293(1)962@ dv
< T (6= 0 ) + (o 2 (G 00 +20) - )] lolleaza

+

Moreover, from the equality (2.23), we have

Tnazey)| < [Toalzey)

+|2 (a: + % (11))/((11;/];)) (1+h) + 2y> Y+ % (1;’((11:}/;)) (1+h) + m))‘ +2(z, )|
< 3lellog -
Therefore, we have
[T (25 2,y) — 2(x,y)] = ’Tmﬁn(z; x,y) — z(z,y)
z (x + % (l;’((ll’,:)) (1+h)+ Zy) Y+ % (l]:))/((l,:)) (1+h) —I—x)) — z(x,y)‘
< ‘Tm,n('z -9 m;)’ + ‘Tm,n(g;x, y) - g(%y)’ + gz, y) — 2(2,9)|

_|_

Then, for 0, (2) = Tinn((t — 2)* 2, y) and 6,(y) = Tnn((s — y)*;2,y), we get

D(1
1 (D1 ?
2.
Tm,n ((S_y) 7x7y) + ( % (D (1 +h) +.’E> _y> ] Hg||Cz(Iab) .

z (ac—l— % (D/(l;h)(1+h) +2y) Y+ L (D/(l h)(1+h) +x>) —Z(x,y)‘.

17
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Ton(zay) = 2@y < 41z = dlog, + [ Tunlei.y) - o(e.y)|

3 (G en) o (o)
~s(a.9)

{4 Iz = gllo +
+(5 (Bpa+meo)) ] ||g||cauab)}

o (BB ) (5 n2)

4]C<z;i[5m(x)+6 ( (DI ” 1+h)+2y>)2

+

IN

S () + 60 (y) + (Tln (gl((ll:}};)) (1+h)+ 2y)>2

IA

From the definition of Peetre’s IC-functional, we obtain

|Tm,n(za Z, y) - Z(Z‘,y)‘

< ot (s B+ (5 (e en)) « (3 (Biposn+)) )
+ min {1,5m($) +0n(y) + <; <11))/((11;:)) (1+4+h) + 2y>>2
+ (2171 (g((ll;;:)) (1+h)+ x))Q} ||Z||c(1ab)

tw <Z5 % (jlj?l((ll;;:)) (L+h)+ 2y> ’ % <g((11;;f};)) (L+h)+ x))

where M is a positive constant. Therefore, desired result is obtained.

Now, we consider the approximation degree of the operators T, , in terms of the Lipschitz class. For
0 < by,by <1, z € C(lwp) and L > 0, Lipschitz class is shown as Lipy (b1, b2) and this class is defined as
follows
|2(t 8) = 2(z,)| < LIt — 2| |s =y

Now, from this definition, we can obtain the following theorem.

18
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Theorem 2.10 Let the function z be in Lipr(b1,bs). The following inequality is satisfied

T (z52,y) — 2(2,y)] < L (0m(2)) > (On(y))
where L >0 and 0,,(z) and 0,,(y) are defined by (1.17).
Proof Since z € Lipy(b1,bs) and the operators T, ,, are linear positive operators, we find

|Tonn(z52,y) — 2(x,9)| < Tonn (12(88) — 2(2,9)| 5 2, )

< LT (|t — 2| 52)Tu(ls — y|” 1)

where the operators T, and T,, are defined by (1.14). Taking into consideration the Holder inequality and the

equations in Lemma 1.6, we have

T (z2,y) — 2(z,y)] < L(Tol(t —2)%2) % (Tn(1;2) 2 (Tu((s —y)%v))

Therefore, the proof is completed.

Theorem 2.11 For z € C' (I,;), we have

[Tm,n(2) = 2|l < |2zl V/0m () + 2y ]| V/On(y)

where §,,(x) and 8,(y) are defined by (2.15) and (2.16) respectively and C*(I,,) is the space of first order

continuously differentiable functions.
Proof For arbitrary (¢, s), (z,y) € L., we get

t

z(t,s)—z(x,y):/zu (u, s) du—&—/zU
y

xT

If we apply the operators T}, , on both sides of the above equation and make the arrangements, then we have

t

[T (z52,9) — 2(x,y)| < Thn / (u,s)dul;z,y | +Tmn / (z,v)dv|;z,y
y

Since
t

/zu(u,s)du < |zl [t — 2| and /zv(x,v)dv <z llls ol

Y

we get

T (252, y) — 2(z,9)| < 2|l Tonn (|t —=|;2,y) + ”Zy” T (Is —yls2,9).

19
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From the Cauchy-Schwarz inequality, we find that

Nl
Nl

|Tm,n (Z; %y) - Z(%y)\ < ”Zm’” [Tm,n ((t - {,C)2; xvy)} [Tm,n (eo;x,y)]
12| [Tonn (5 = 9)%2,9)]* [T (032, 9)]

122/l V/Om (%) + ll2y [l /0 (y)-

IA

Thus, we achieve the desired result.

Now, we will consider the Voronovskaja-type theorem for the operators T, ,,. For this theorem, let the
space G(I?) is the space of all functions on I? satisfying |z(z,y)| < M, (1 + 22 + y2) , H(I?) is the subspace
of all continuous functions of the space G(I?) and S(I?) is the subspace of all z € H(I?) satisfying that

3 z(x,y . .
hm(m,y)—m ﬁ is finite.

Theorem 2.12 If z € S (I?) such that 2',2" € S (I?) and (z,y) be in each compact subset I,y of I?, then

we get

im0 (T i) = 2e) = o) (G 0400+ 20) 4 2y (B 140 +)
—l—%x Zex(X,y) + %y Zyy (2, 7).

Proof Let (z,y) € 1. From the Taylor’s expansion formula, we obtain
z(t,s) = z(z,y) + zu(z,y)(t — ) + 2y (z,y) (s — y)

—i—;{zm(x,y)(t — 1)+ 224 (7, 9) (t — 2) (5 — y) + 2y (2, y) (5 — y)2}

+p(ts;,y) V(- 2)t + (s — y)*

where (t,s) € I%, p(t,s;z,y) € C (12) and p(t,s;x,y) = 0 as (¢,8) — (x,y). Applying T,, ,,(z;x,y) on above

equality, we have
Tn,n(z§ ry) = z(z,y) + 2(z, y)Tn,n(t —z;2,y) + Zy(l‘, y)Tn,n(s —y;7,Y)

45 [oaee )T (0= 2)%32,9) + 220 (29) T (6= )5~ 9); 2.0)

+Zyy(x7 y)Tn,n ((S - y)2 3L, y):| + Tn,n (P (tv ST, y) \/(t - $)4 + (S - y)4; z, y) .
If we multiply with n, take limit as n — oo and then consider Lemma 2.3, then we find

(1+h)+ 2y> + 2 (2, y)% (g((ll;;;)

D'(1;h)
D(1;h)

lim n (Tyn(25) — 2(2,5)) = zm,y)(

n—oo

(1+h)+:v>

1
+-x Zm(%y) + Zwy(xvy) lim nTnm ((t - JJ)(S - y);w,y)
2 n—»00

1
—|—§y Zyy(z,y) + nh_}n;o nL.n (,0 (t,s;2,y) /(t — )4 + (s — y)4;x,y) . (2.25)
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In addition, we have from Lemma 1.6,

lim nT,, ((t—x)(s —y);z,y) = lim n(T,(t — z;2)T,(s — y;9)) = 0.

n— oo n—o0

From the Cauchy-Schwarz inequality, we have

0T (p (t,s;2,y) V(t—2)t + (s —y)hsz, y)

N

< (T (PPt s32,9) 3 2, y))% (0T ((t—2)' + (s — )5 2,9))

1

= (Tam (Pt s32,y)52,9))° (nZTmn ((t —z)tz, y) +n*T,., ((s —y)tia, y))

1
2

Here, p? (t,s;x,y) — 0 as (t,s) — (z,y). Thus, by Theorem 2.4, we obtain that

lim T, (p2 (t, s;x,y)) =0

n—oo

uniformly with respect to (z,y) € I,,. With the help of Lemma 2.3, we find

lim n2T), ., ((t - x)4;x,y> = 322,
n— o0
lim n?T), ., ((s - y)4;x,y> = 32
n— o0

Therefore,

n—oo

lim nT), , (p (t,s;2,9)\/(t — )4 + (s — y)4; :z:,y) =0.
Finally, from (2.25), we obtain the desired result as follows

D'(1;h)
D(1;h)

i 0 (T () = 200)) = 22(o) (g 0+ 20) + 2o

1 1

3. Kantorovich form of The Aj,-Gould-Hopper Appell polynomials

In this section, we consider the Kantorovich modification of the operators including Ay, -Gould-Hopper Appell
polynomials as follows
mn

* . —
Tm,n(z7x7y) - (m+1z+(n+l)y
h

(D(L;)* (14 h)

o Ay (ma,y; h) Ay(z,ny; b Sl I(1+h
3% (ma, y; ) (U!y )/l [ z<k(1+h),(2 ))dldk (3.1)

u!

u=0v=0

where m,n € N, (z,y) € I?, 2(x,y) € C (I?). Now, we obtain the approximation properties.
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Lemma 3.1 For ¢;; =t's?; i,j=0,1,2,3,4 and x,y € I, the operators Ty, , (e; j;,y) have the equalities

T;L,n(eo,o; z,y) = Tunleoo;,y),

Thnleroiz,y) = Thaleroz,y) + %Tm,n(eo,o; z,y),

Tneoriny) = Tonleosssy) + o Tonleo0i )

Thnle20;2,y) = Tnnle2o;z,y) + #Tm n(e10i@,y) + u;_T};)QTmm(@o,o;% Y),

Thnleo2;2,y) = Tnaleo2;z,y) + %Tm n(eoi @, y) + %Tmm(eo@;x,y),

Thonlesosz,y) = Tnnlesosz,y) + Wﬂnm(ezo;%y) + (17—;72]1)2Tm,n(61,03$uy)
+%Tm,n(€0,0;$,y),

Thnleos;z,y) = Tmnleos;z,y) + ?)(%me,n(eo,z;x,y) + %Tm,n(emway)

%Tm,n(eo,m%y%

T nlessiz) = Toalensimn) + 27, ey + 20, (i)
AU e + g eopinn),

Thnleoa;z,y) = Tnnleos;z,y) + #Tm n(eos;x,y) + %Tm,n(60,2§x7 Y)
+%Tm,n(eo,ﬂ €, y) + %Tm,n(eo,m &€, y)-

Lemma 3.2 For the operators Ty, .., the following equalities are satisfied

e = (058 o)
v = (oS8 wons).
Tt =2 ay) = 4| (ZEDIEIEN L ) sy
sy (2o )(1+h>+4y(y+1>]
Thalls =0 i) = 24 o | (DI ) (e
( (1 )(1+h)+x(x+l)]
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where x,y € I.

When we look at the approximation properties of the operators Ty, ,, closely, we see that the operators

are associated with the approximation properties of the operators Ty, ,. Because of this, we will mention only

*
theorems for 77, ..

Theorem 3.3 Let z € C (12) NN. Then,

lim T, (z2,y) = 2(z,y).

m,n
m,n— oo

uniformly on each compact I, .

Theorem 3.4 Let z € C(ly) and (x,y) € Iap. Then, for om(x) = T, , ((t—x)2;w,y) and pn(x) =

T ((s - y)2 T, y) , we obtain
T (z32,y) = 2(2,9)] < dw(z vV om (@), Von(y))-

Theorem 3.5 For z € C(lw), om(r) = T, ((tfx)2;x,y) and pn(z) = T, , ((sfy)z;amy) ; the

operators Ty,

satisfy the following inequality

Ty o (zi2,y) — 2(2,)] <2 [w(” (z; %n(x)) +w® (Z; %(y)ﬂ :

Theorem 3.6 Let z € C (Iy). Then, for the operators T

o we get

T (z52,y) — 2(2,y)| < M[u&( =V m () + on( )+%%+%%)
min {1, g (2) + 9n(y) + 12 + 12} |z||cuab>} 0 (5 ms )

where C' is a positive constant, pm(z) = T, , ((t —z)? ;x,y) s onl(z) =T, 0 ((s —y)° ;x,y) and wo s the

second order modulus of continuity. In addition, v, and v, is defined by
1 1 D'(1;h)
m — 1 {= 1+h)+2y],
o = (5 By ) arm )
1 1  D'(1;h)

Theorem 3.7 For z € Lipy(b1,be2), the following inequality is satisfied

b

| Ton(z52,) = 2(2,9)| < L(On(2)) (0n(y))

where L > 0, 0,,(z) and 0,(y) are defined by Tr((t — x)%x) and T} ((s — y)%y) respectively. Here, the
operator Ty, are Kantorovich form of the operators (1.14) (see [12]).

NN
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Theorem 3.8 For z € C! (12), we have
[T (2) = 2[| < llzall Viom () + 2y Von(y)
where (@) = T (L= 2)52,y) s onl@) = Tr (5= )7 50,0

Theorem 3.9 For z,7,2" € S (I?), we get

—_

D'(1;h)

(T i) = 2(e) = o) (54 D ) 040 +20) @ m

+zy(x,y)% ((; + llj)l((ll;;/?))> (1+h) +az) (1+h)

1 1

where (x,y) € Ly and Iy, is compact subset of I12.

4. Conclusion

In this paper, we introduced the approximation properties of the linear positive operators including Ay -Gould-
Hopper Appell polynomials. In recent years, there have been many studies on Appell polynomials, which
have very practical areas in pure and applied mathematics. From these studies and the information given
in the introduction, we obtained more general impressions and we predict that this paper will contribute to
many mathematical processes. Besides, we obtained two variable versions of the operators including degenerate
Appell polynomials. After this study, the authors may research multi-variable versions of the operators including

degenerate Appell polynomials and other operators.
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